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Introduction 

Since in 1930s L. S. Pontryagin published his famous duahty theorem for AbeUan locaUy compact groups 
|27j . the following problem engages the imagination of specialists in harmonic analysis from time to time: 
is it possible to generalize Pontryagin duality to non-Abelian locally compact groups in such a way that 
the dual object has the same nature as the initial one? 

As is known, the first attempts to generalize Pontryagin duality did not meet this requirement: in 
the M. G. Krein theory, for instance, the dual object G for a group G is a block-algebra [20] (but not a 
group, unlike Pontryagin theory). Apparently, a deep peculiarity in human psychology manifests itself 
here, but such a harmless trait like asymmetry between G and G in the theory of representations - a trait 
that can be compared with difference between the left and the right in anatomy ~ leads to numerous and, 
because of the changing with time understanding of what the notion of group should mean, continuing 
attempts to build a duality theory, where, on the one hand, "all" groups are covered, and, on the other, 
the Pontryagin symmetry between initial objects and their duals is preserved. 

In the category theory language, the unique one fitting for such speculative aspirations, one can 
formulate this task correctly using the following two definitions. 



1. Let us call a contravariant functor A* 
if its square, i.e. the covariant functor A i- 



R on & given category ^ a duality functor in 
{A*)* : — > .S, is isomorphic to the identity functor 



(A) 



id g 



The passage to the dual group G i-^ G* in Pontryagin theory is an example of duality functor: the natural 
isomorphism between G'* and G here is the mapping 



^G 



G^G" 



iG{x){x) = X{x), xeG,x^G' 



On the contrary, say, in the category of Banach spaces the passage to the dual Banach space X X* is 
not a duality functor (because there are non- reflexive Banach spaces). 

2. Suppose we have: 

(a) three categories ^, £, 371 with two full and faithful covariant functors A : SI and B : £ — > 
defining a chain of embeddings: 

C £ C 9Jl, 



(b) two duality functors K ^ K* : K ^ Si and M M* : Tl 
K ^ B{A{K')) and K ^ (b{A{K)))* are isomorphic: 



971 such that the functors 



971- 
£ 



97t 
£ 

> J? 



(B) 



We shall call this construction a generalization of the duality ' 
£. 



from the category A to the category 



On adding these terms into our armoury, we can formulate the task we are discussing as follows: are 
there any generalizations of Pontryagin duality from the category of Abelian locally compact groups to the 
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category of arbitrary locally compact groups, and if yes, then which namely? The category diagram (IB| 
in this formulation becomes as foUows: 



T 



locally compact groups 



T 



Abelian 
locally compact groups 



T 



(C) 



locally compact groups 



T 



Abelian 
locally compact groups 



- and the key example here is the duality theory for finite groups, which can be regarded as a generalization 
of Pontryagin duality from the category of Abelian finite groups to the category of all finite groups: 



finite dimensional 
Hopf algebras 



Cg 
I 
G 



finite groups 



finite dimensional 
Hopf algebras 



(D) 



finite groups 



Abelian finite groups 



Abelian finite groups 



(here G i-^ Cg is the passage to group algebra, and H i-^ H* the passage to dual Hopf algebra). This 
example, apart from everything else, illustrates another guiding idea of the "general duality theory" : if 
we want to reduce the representations of groups to representations of algebras, and therefore claim that 
the category 9Jt consists of associative algebras, then these algebras H must have some supplementary 
structure, which allows us to endow dual objects H* with a natural structure of associative algebra. 
Natural objects of that kind in general algebra are Hopf algebras. As a corollary, the constructions in 
"duality theory" usually resemble Hopf algebras, although as a rule differ from them, except for trivial 
cases when, for instance, the algebra has finite dimension. 

A generalization of Pontryagin duality as it is presented in diagram ([C]) was suggested in 1973 in- 
dependently by L. I. Vainerman and G. L Kac from one side ([13], [S], [IS]), and by M. Enock and 
J.-M. Schwartz from another (JT], [l2], [E])- The theory of Kac algebras they developed summarized 
a series of attempts made by different mathematicians, history of which, as well as the theory of Kac 
algebras itself, one can learn from monograph [10' by Enock and Schwartz. After 1973 the work in this di- 
rection did not cease, because on the one hand, some improvements were added into the theory (again see 
details in [10 ), and on the other, after the discovery of quantum groups in 1980s, mathematicians began 
to generalize the Pontryagin duality to this class as well. Moreover, the latter work is not finished by now 
- the theory of locally compact quantum groups which appeared on this wave is being actively developed 
by J. Kustermans, W. Pusz, P. M. Soltan, S. Vaes, L. Vainerman, A. Van Daele, S. L. Woronowicz (an 
impression of this topic one can find in collective monograph ^28]). The idea of multiplier Hopf algebra 
suggested by A. Van Daele in 1990-s jlTl I42j . seems to be strategic in these investigations. 

Despite the active work and impressive enthusiasm demonstrated by mathematicians engaged in this 
theme, the theories they suggest have a serious shortcoming: all the enveloping categories 9Jl in these 
theories consist of objects, which are formally not Hopf algebras. The Kac algebras, for instance, although 
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being chosen as a subclass among the objects called Hopf-von Neumann algebras, in fact are not Hopf 
algebras, because from the point of view of category theory in the definition of Hopf-von Neumann 
algebras, unlike the pure algebraic situation, two different tensor products are used simultaneously - 
the projective tensor product for multiplication, and the tensor product of von Neumann algebras for 
comultiplication. In the theory of locally compact quantum groups the situation on this point seems to 
give even less hopes, because here the claim that the comultiplication must indispensably act into tensor 
product is rejected: in accordance with the above mentioned Van Daele's idea of multiplier Hopf algebras 
the comultiplication here is defined as an operator from A into the algebra M{A(E) A) of multipliers on 
tensor product A^ A (which is chosen here as minimal tensor product of C*-algebras, see pTl 

In this paper we suggest another approach to the generalization of Pontryagin duality, where this 
unpleasant effect does not occur: in our theory the enveloping category 9Jl consists of "true" Hopf 
algebras, of course in the categorical sense, i.e. the Hopf algebras defined in the same way as the usual 
Hopf algebras, but after replacing the category of vector spaces by a given symmetrical (in the more 
general case - braided) monoidal category (such Hopf algebras are sometimes called Hopf monoids, see 

[li [311 [31 SSI)- 

The mission we set to ourselves is not quite a generalization of Pontryagin duality to the class of 
locally compact groups, as it is presented in diagram Q, but a solution of the same problem in the class 
of complex Lie groups. The fact is that among the four main branches of mathematics, where the idea 
of invariant integration manifests itself ~ 

- general topology (where the groups with invariant integral are exactly locally compact groups), 

- differential geometry (where this role belongs to Lie groups), 

- complex analysis (where the reductive complex groups can be regarded as the groups with integral) , 
and 

- algebraic geometry (again with reductive complex groups), 

- at least in the three first disciplines the generalization of Pontryagin duality has sense. In topology this 
problem takes form of diagram (fC|) . in differential geometry one can consider the problem of generalization 
of Pontryagin duality from Abelian compactly generated Lie groups, say, to all compactly generated Lie 
groups, and in the complex analysis one can consider the problem of generalization of Pontryagin duality 
from the class of Abelian compactly generated Stein groups to the class of reductive complex groups 
(following [46 , by a reductive group we mean complexification of a compact real Lie group) . 

We give a solution for the third of these problems. We begin our considerations with the algebra 0{G) 
of holomorphic functions on a complex Lie group G, since this is a natural functional algebra in complex 
analysis (in the other three disciplines this role belongs to the algebra C(G) of continuous functions, the 
algebra £{G) of smooth functions, and the algebra Ti{G) of polynomials). The idea we suggest as a 
heuristic hypothesis in this paper - and its justification we see in our work - is as follows. It seems likely, 
that to each of the three first disciplines in our list - general topology, differential geometry and complex 
analysis - from the point of view of the topological algebras used in these disciplines, corresponds some 
class of seminorms, intrinsically connected to this class of algebras. What those seminorms should be in 
general topology and in differential geometry we cannot say right now, but the class of submultiplicative 
seminorms, i.e. seminorms defined by the inequality 

p{x ■ y) ^ p{x) -piy), 

is intrinsically connected with complex analysis (this idea is inspired to us by A. Yu. Pirkovskii's results 
on the Arens-Michael envelopes of topological algebras - see [26]1. 

To give exact meaning to the words "intrinsically connected" , we need to introduce the following two 
functors and one category of Hopf algebras: 

1) The Arens-Michael envelope A A^ . The algebras whose topology is generated by submultiplica- 
tive seminorms and satisfies supplementary condition of completeness, are called Arens-Michael 
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algebras (we discuss them in |§ 5[ ) . Each topological algebra A has a nearest "from outside" Arens- 
Michael algebra - we denote it by A'^ - called Arens-Michael envelope of A. This algebra is a 
completion of A with respect to the system of all continuous submultiplicativc scminorms on it. 



2) Passage to dual stereotype Hopf algebra H i— > H* . In the work [T] we discussed in detail the 
symmetrical monoidal categories (6te,0) and (6te, ®) of stereotype spaces (with injective and 
projective ® tensor products). The Hopf algebras in these categories are called respectively injective 
and projective stereotype Hopf algebras. The passage to the dual stereotype space H i-^ H* 
establishes an antiequivalence between these categories of Hopf algebras. 



3) Category of holomorphically reflexive Hopf algebras. The functors ^ and * allow us to consider the 
category of projective and at the same time injective stereotype Hopf algebras H, for which the 
successive application of the operations ^ and * always leads to injective and at the same time 
projective Hopf algebras and, if we begin with ^, then at the fourth step this chain leads back 
to the initial Hopf algebra (of course up to an isomorphism). We depict this closed chain by the 
following refiexivity diagram, 



H 



H* ^ 



(E) 



and call such Hopf algebras H holomorphically reflexive (see accurate definition in |§ ^[e) I 
duality functor in the category of such Hopf algebras is, certainly, the operation H t-^ (H"^)' 



The 



The main result of our work, which clarifies our hints about "seminorms, intrinsically connected with 
complex analysis", is that the algebra 0*{G) of analytical functionals on a compactly generated Stein 
group G with algebraic connected component of identity is a holomorphically reflexive Hopf algebra. To 
prove this we introduce in this paper the algebra C'exp(G) of holomorphic functions of exponential type 
on group G, which is a subalgebra in the algebra 0{G) of all holomorphic functions on G. The refiexivity 
diagram ([E| for 0*{G) is as follows: 



0*{G) 



0*{G) 



(F) 



0{G) 



H axp(G) 



For the case of Abelian groups the operation becomes naturally isomorphic to the usual Fourier 
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transform, so this diagram takes the form: 



0*{G) 



Fourier 
transform 



OiG') 



(G) 



OiG) 



Fourier 
transform 



0*{G') 



(the dual group G* for an AbeHan compactly generated Stein group G is defined as the group of all 
homomorphisms from G into the multiplicative group :~ C \ {0} of non-zero complex numbers). 
This, in particular, implies the isomorphism of functors 



0*{G*) ^ (0*{G) 



which gives a generalization of Pontryagin duality in the complex case, and the diagram (|B]) here takes 
the form: 



holomorphically reflexive 
Hopf algebras 



holomorphically reflexive 
Hopf algebras 



(H) 



0*(G) 
1 

G 



0*(G) 

I 

G 



compactly generated 
Stein groups 
with algebraic 
component of identity 



compactly generated 
Stein groups 
with algebraic 
component of identity 



T 



T 



Abelian compactly generated 
Stein groups 



G^G* 



Abelian compactly generated 
Stein groups 



Since every reductive group is algebraic, this indeed will be a solution of the third problem in our list. 

We show in addition that the holomorphic duality we introduce here does not limit itself to the class 
of compactly generated Stein groups with algebraic connected component of identity, but extends to 
quantum groups. As an example we consider the quantum group ^az+V of quantum afhne automorphisms 
of complex plane (see |35J HOI HZl HSj ) ■ We prove that 'az + fo' is a holomorphically reflexive Hopf algebra 
in the sense of our definition. 

The author thanks sincerely D. N. Akhieser, O. Yu. Aristov, P. Gaucher, A. Ya. Helemskii, A. Huckle- 
berry, E. B. Katsov, Yu. N. Kuznetsova, T. Maszczyk, S. Yu. Nemirovskii, A. Yu. Pirkovskii, V. L. Popov, 
P. Soltan, A. Van Daclc for innumerous consultations and help during the work on this paper. Besides 
that the idea of proof of Propositions 14.11 17.12! and Lemma 17.9! belongs to Yu. N. Kuznetsova. 



§ Stereotype spaces 

Stereotype spaces we are speaking about in this section were studied by the author in detail in [T] (see 
also HE]). 



§0. STEREOTYPE SPACES 
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(a) Definition and typical examples 

Let X be a locally convex space over C. Denote by X* the space of all linear continuous functionals 
f : X C, endowed with the topology of uniform convergence on totally bounded sets in X. The space 
X is called stereotype, if the natural mapping 

\x:X^{x*r I \x{x){f)^ f{x), xexjex* 

is an isomorphism of locally convex spaces. Clearly the following theorem holds: 

Theorem 0.1. If X is a stereotype space, then X* is also a stereotype space. 

It turns out that stereotype spaces form a very wide class, what can be illustrated by the following 
diagram: 




STEREOTYPE SPACES 




quasicomplete barreled spaces 




Frechet spaces and Banach spaces will be of special interest for us in this picture, so we shall consider 
them in detail. 

Example 0.1 (Frechet spaces and Brauner spaces). Every Frechet space X is stereotype [7j. Its 
dual space Y — X* is also stereotype by theorem lO.il If {J7„} is a countable local base in X, then the 
polars Kn — U° form a countable fundamental system of compact sets in Y: every compact set T C y is 
contained in some compact set Kn (this means by the way that Y cannot be Frechet space, if X infinite 
dimensional). The spaces Y dual to Frechet spaces X (in the sense of our definition) were originally 
considered by K. Brauner in |7], and we call them Brauner spaces. Their characteristic properties are 
listed in the following proposition. 

Proposition 0.1. For a locally convex space Y the following conditions are equivalent: 
(i) Y is a Brauner space; 

(ii) Y is a complete Kelley space (i.e. every set M QY that has a closed intersection M f] K with any 
compact set K QY, is closed inY) and has a countable fundamental system of compact sets Kn: 
for each compact set T <zY there exists n G N ^ such that T C Kn', 

(Hi) Y is a stereotype space and has a countable fundamental system of compact sets Kn: for each 
compact set T <zY there exists n e N such that T C Kn', 



Everywhere in our paper N means the set of non-negative integers: N ;= {0, 1, 2, 3, ...}. 
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(iv) Y is a stereotype space and has a countable exhausting system of compact sets Kn-' U^^i = Y. 

Proof. The countable fundamental system of compact sets in Y is the system of polars Kn = °Un of a 
local base C/„ in the dual Frechet space Y* . Modulo this remark all the statements in proposition 10.11 are 
obvious, except one - that a Brauner space Y is always a Kelley space. This result belongs to K. Brauner 
and is deduced in his paper 7] from the Banach-Dieudonne theorem (see [I7|). □ 

Corollary 0.1. If Y is a Brauner space with the fundamental system of compact sets Kn, then any linear 
mapping ip : Y ^ Z into a locally convex space Z is continuous if and only if it is continuous on each 
compact set Kn ■ 

Example 0.2 (Banach spaces and Smith spaces). These are special cases of Frechet spaces and 
Brauner spaces. If X is a Banach space, then X and Y — X* are stereotype spaces [3T]. The polar 
K = B° of a ball B in 1" is a universal compact set in Y , i.e. a compact set that swallows any other 
compact set T in Y. The spaces Y = X* dual to Banach spaces X (in the sense of our definition) were 
originally considered by M. F. Smith in [31] - that is why we call them Smith spaces. Their characteristic 
properties are listed in the following proposition: 

Proposition 0.2. For a locally convex space Y the following conditions are equivalent: 
(i) Y is a Smith space; 

(a) Y is a complete Kelley space and has a universal compact set K : for any compact set T <Z X there 
exists A G C such that T C XK ; 

(Hi) Y is a stereotype space with a universal compact set; 

(iv) Y is a stereotype space with a compact barrel. 

Corollary 0.2. If Y is a Smith space with a universal compact set K , then a linear mapping tp :Y —> Z 
into a locally compact space Z is continuous if and only if it is continuous on K . 

The connections between the spaces of Frechet, Brauner, Banach and Smith are illustrated in the 
following diagram (where turnover corresponds to the passage to the dual class): 



Frechet spaces 



Banach spaces 



finite dimensional 
spaces 



Smith spaces 



Brauner spaces 



(b) Smith space generated by a compact set 

Let X be a stereotype space and K an absolutely convex compact set in X. We denote by CK the linear 
subspace in X, generated by the set K: 

CK^IJ XK (0.1) 

A>0 

Endow CK by the Kelley topology generated by compact sets XK: a set M C CK is considered closed in 
CK, if its intersection M n XK with any compact set XK is closed in X (or, equivalently, in XK). 



§0. STEREOTYPE SPACES 
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Theorem 0.2. The Kelley topology on <CK , generated by compact sets XK , is a unique topology on CK , 
which turns CK into a Smith space with the universal compact set K . 

Proof. Denote by {CK)' the set of all linear functionals on CK^ continuous on the compact set K: 

Je{<CK)' ^ f:<CK^C k f\KeC{K) 
Clearly, {CK)' is a Banach space with respect to the norm 

||/|Hmax|/(x)| 

(formally this turns {CK)' into a closed subspace in C{K)). Note that functionals / G {CK)' separate 
points in K, because those of them who are restrictions on CK of functionals from g E X* already possess 
this property: 

V-T, yEK (x^y => 3g E X* g{x) + g{y)^ 

This means that the weak topology a on K, generated by functionals / G {CK)' , coincides with the 
initial topology r of this compact set (because a is Hausdorff and is majorized by r). This implies in 
its turn that the topology of the space {CK)' is the topology of uniform convergence on {CK)'-weak 
absolutely convex compact sets of the form XK (these sets form a saturated system in CK). Hence by 
the Mackey-Arens theorem the system {{CK)')* of linear continuous functionals on {CK)' coincides 
with CK: 

CK = {{CK)')* 

We see that CK can be identified with the space of linear continuous functionals on {CK)'. As a 
corollary, CK can be endowed with the topology of dual space (in stereotype sense) to the Banach space 
{CK)': 

CK = {{CK)')* (0.2) 

This topology turns CK into a Smith space, and, by Proposition l0.21 it coincides with the Kelley topology 
on CK, generated by compact sets XK. 

Let us denote this topology on CK by >c, and show that it is a unique topology under which CK is 
a Smith space with the universal compact set K. Indeed, if p is another topology on CK with the same 
property, then the identity mapping 

{CK)p ^ {CK)^ 

is continuous on K (since it preserves the topology on K), hence by CoroUarv 10.21 it is a continuous 
mapping of Smith spaces. In the same way, the inverse mapping 

{CK)^ ^ {CK)p 

is continuous, and this means that the topologies m: and p coincide. □ 

Corollary 0.3. The topology of the space CK can be equivalently described as the topology of uniform 
convergence on sequences of functionals {fk} C {CK)' tending to zero, i.e. as the topology generated by 
seminorms of the form: 

P{h}(^) = sup I /„ (a;) I 
feeN 

where fk is a sequence of linear functionals on CK, continuous on K , and such thatmaxt^K \ fk{t)\ — > 0. 

k — >oo 

Proposition 0.3. For any two absolutely convex compact sets K,L ^ X such that 

K C L, 

the natural imbedding of the Smith spaces which they generate 

L^:CK ^ CL 

is a continuous mapping. 

Proof. The mapping is continuous on the compact set K, hence, by Corollarv l0.2l it is continuous on 
all CK. □ 
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(c) Brauner spaces generated by an expanding sequence of compact sets 

A sequence of absolutely convex compact sets Kn in a stereotype space X will be called expanding, if 

Vn e N Kr, + C Kn+i 

For every such sequence the set 

oo 

y cx„ = y Aif„ = y if„ 

n=l neN,AGC tiGN 

is a subspace in the vector space X. We endow it with the Kelley topology generated by compact sets Kn'. 
a set M C IJ^;^ Kn is considered closed in IJ^^ -^"> intersection M fl Kn with any compact set 
Kn is closed in X (and equivalcntly, in Kn)- The following proposition is proved similarly with Theorem 

Theorem 0.3. The Kelley topology on IJ^j^ Kn, generated by compact sets Kn, is a unique topology 
on [J'^^i Kn, under which this space is a Brauner space with the fundamental sequence of compact sets 

{Kn}. 

Corollary 0.4. The topology of the space U^i can be cquivalently described as the topology of 
uniform convergence on sequences of functionals {fk} C (U^i ^n)' tending to zero, i.e. as the topology 
generated by seminorms of the form: 

P{h}i^) = sup I /fc (a;) I 

where fk is an arbitrary sequence of linear functionals on Uj^i ^n, continuous on each Kn, such that 
Vn maxtgK„ |/fc(t)| — > 0. 

k — >C30 

(d) Projective Banach systems and injective Smith systems 

Let X be a locally convex space. A standard construction in the theory of topological vector spaces 
assigns to each absolutely convex neighborhood of zero U in X a Banach space, which it is convenient to 
denote by X/U and to call a quotient space of X over the neighborhood of zero U. It is defined as follows. 
First, we consider the set 

Ker [/ = Pi e • [/, 

which is called kernel of the neighborhood of zero U - this is a closed subspace in X, since U is absolutely 
convex. Then we construct the quotient space X/ Ker U, and endow it with the topology of normed space 
with U + Ker U as unit ball (this topology in general is weaker than the usual topology of quotient space 
on X/ Kerf/). This normed space X/ KerC/ is usually not complete. Its completion is declared the final 
result: 

X/U -.^ {X/K&r uy (0.3) 

(here ▼ means completion). 

Theorem 0.4. Let X be a stereotype space. For any absolutely convex compact set K <Z X the Smith 
space it generates, CK , is connected with the quotient space X* / K° of the dual space X* with respect to 
the neighborhood of zero K° through the formula 



{CK)* = X*/K° 



(0.4) 



§0. STEREOTYPE SPACES 
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Let X be a stereotype space and let /C be a expanding system of absolutely convex compact set in X, 
i.e. a system satisfying the following condition: 

yK,LelC 3M elC KULC M 

By Proposition (nSl for any compact sets K,L £ K, such that K C L, the Smith spaces they generate are 
connected through a natural linear continuous mapping : CK CL. Since, obviously, for any three 
compact sets K C_ L <Z M the corresponding mappings are connected through the equality 

/^^ o /-^ - 

''L ° i-K ~ i-K t 

the arising system of mappings {t^; K,L E K, : ii' C L} is an injective system in the category Ste of 
stereotype spaces. Like any other injective system in (Ste, it has a limit - this is the pseudocompletion 
of its locally convex injective limit Theorem 4.21]: 

6te-hm CK = | £e:6-lim CK 

K — >oc \ K — >oG 

The dual construction is often used in the theory of topological vector spaces. Let X be a stereotype 
space and suppose U is a decreasing system of absolutely convex neighborhoods of zero in X, i.e. a system 
satisfying the following condition: 

yu,v eu 3w eu w cunv 

For any two neighborhoods of zero U,V ^ U such that V C U the Banach spaces they generate 
X/KerU and X/KerV are connected with each other through a natural linear continuous mapping 
TTy^ : X/ Ker V — > X/ Ker U. If we consider three neighborhoods of zero W C V C U the corresponding 
mappings are connected through the equality 

This means that the system of mappings {tt^; U,V eU : V C U} is a. projective system in the category 
Ste of stereotype spaces. Its limit is the pseudosaturation of its locally convex projective limit 1 1, Theorem 
4.21]: 

ete-limX/U= i £,tte-limX/U 

From (10.41) we have: 



Theorem 0.5. If )C is an expanding system of absolutely convex compact sets in a stereotype space X, 
then the system of polars hi — {K°] K G /C} is a decreasing system of absolutely convex neighborhoods of 
zero in the dual space X* . The limits of these systems are dual to each other: 

Ste-limCJsr] ^ eit-Mm X* / K° (0.5) 

K^oc ) O^U 

Example 0.3. Let /C = IC{X) be a system of all absolutely convex compact sets in X. Then the limit 
of the injective system {t^; K,L G K. : K C L} in the category of stereotype spaces is the saturation^ 
of the space X: 

ete-lim CK = X^ 



■^Saturation X* of a locally convex space X was defined in ^ 1.2]. 
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Example 0.4. Dually, ifU = U{X) is the set of all absolutely convex neighborhoods of zero in X, then 
the limit of the projective system {ttJ^; U,V gU : V C U} in the category of stereotype spaces is the 
completion of the space X: 

eU-limX/U = X'' 

Theorem 0.6. // Kn is an expanding sequence of absolutely convex compact sets in a stereotype space 

X , then the limit of the injective system CKn in the category of stereotype spaces coincides with locally 
convex limit of this system and with the Brauner space generated by the sequence Kn ■ 

oo 

6te-lim CK^, = ilCS-lim C/r„ = [J <CKn (0.6) 

n— »oo n— »oo n=l 



(e) Banach representation of a Smith space 

If X is a Banach space (with the norm || • \\x)-, then let us denote by X* its dual Banach space in the 
usual sense, i.e. the space of linear continuous functional on X with the norm 

= sup \f{x)\ 

If : X ^ y is a continuous linear mapping of Banach spaces, then the symbol tp* : F* — > X* denotes 
the dual mapping: 

'^*(/) = /°^, f^Y* 
The natural mapping from X into X** will be denoted by sx'- 

sx -.X ^ X**. 

Let y be a Smith space with the universal compact set T. Denote by the normed space with Y 
as support and T as unit ball. 

Theorem 0.7. For any Smith space Y 

yB ^ (Y*)*. (0.7) 

hence, Y^ is a (complete and so a) Banach space. 

Proof. Consider the space X = Y* . Tlicni Y becomes a space of linear continuous functionals on a Banach 
space X with the topology of uniform convergence on compact sets in X. The universal compact T in F 
becomes a polar of the unit ball B in X. If we endow Y with the topology, where T is a unit ball, this is 
the same as if we endow Y with the topology of the normed space, dual to X: Y^ = X* = (Y*)* . Since 
the (Banach) dual to a Banach space is always a Banach space, Y^ must be a Banach space as well. □ 

We call the space Y^ Banach representation of the Smith space Y. Note that the natural mapping 

LY-.Y^^Y, iY{y) = y 



is universal in the following sense; for any Banach space Z and for any linear continuous mapping 
ip : Z ^Y there exists a unique linear continuous mapping x : Z ^ Y^ such that the following diagram 
is commutative: 




Y 



§0. STEREOTYPE SPACES 
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If : X — !■ y is a linear continuous mapping of Smith spaces, then it turns the universal compact set S 
in X into a compact set (p{S) in Y, which, like any other compact set, is contained in some homothcty 
of the universal compact set T in Y: 

ip{S) C AT, A > 

This means that the mapping ip, being considered as the mapping between the corresponding Banach 
representations X^ — > Y^ , is also continuous. We shall denote this mapping by the symbol ip^ 

and call it Banach representation of the mapping if. Obviously, 

= i^r (0.8) 

and the following diagram is commutative 



X 




(f) Injective systems of Banach spaces, generated by compact sets 

The following construction is often used in the theory of topological vector spaces. If i? is a bounded 
absolutely convex closed set in a locally convex space X, then Xb denotes the space 1Ja>o endowed 
with the topology of normed space with the unit ball B. If Xb turns out to be complete (i.e. a Banach) 
space, then the set B is called a Banach disk. From theorem 10.71 we have 

Proposition 0.4. Every absolutely convex compact set K in a stereotype space X is a Banach disk, and 
the Banach space Xk generated by K is the Banach representation of the Smith space CK: 

Xk - [CKf 

If K. is an expanding system of absolutely convex compact sets in a stereotype space X, then, as we 
told above, K, generates an injective system of Smith spaces 

{CK}KeK. Lj^:CK^CL {K,LgJC, K C L). 

Specialists in topological vector spaces used to replace this system of Smith spaces with the system of 
the corresponding Banach representations: 

{{CKf}Keic, {4f:{CKf^{CLf {K,LelC, K C L) 

The following result shows that the limits of those systems coincide in the case when the injections 
: CK CL are compact mappings. 

Theorem 0.8. Let K, be an expanding system of absolutely convex compact sets in a stereotype space X . 
Then the following conditions are equivalent: 

(i) for any compact set K € IC there is a compact set L £ K, such that K C L and the mapping of 
Smith spaces : CK CL is compact, 

(a) for any compact set K £ K. there is a compact set L £ K, such that K Q L and the mapping of 
Banach spaces (t|^)^ : (CK)^ — > (CL)^ is compact. 
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If these conditions hold then the locally convex injective limits of the systems {CK}k£K, cin-d {{CK)^}Ke!C 
coincide, 

£e:6-lini CK = £e:©-lim {CKf (0.9) 

K — >oo K — >C50 

and the same is true for their stereotype injective limits: 

6te-lim (CK = Ste-lim {CK)^ (0.10) 

K — >oo K — *oo 

If in addition to (i)-(ii) the system K. is countable (or contains a countable cofinal subsystem), then those 
four limits coincide, 

6te-lim CK = £G:e-lim CK = £C:6-lim {CKf = ete-lim (CKf (0.11) 

K — >oo K — *oo K — >oo K — >oc 

and define a Brauner space. 

We shall premise the proof of this theorem by several auxiliary propositions. 

First we note that by compact mapping of stereotype spaces we mean what is usually meant, i.e. a 
linear continuous mapping (p : X ^ Y such that 

^{U) C T 

for some neighborhood of zero U C X and some compact set T CY. 

Proposition 0.5. Let X and Y be Smith spaces and (p : X Y a linear continuous mapping. The 
following conditions are equivalent: 

(i) if : X Y is a compact mapping; 

(a) ip* : Y* X* is a compact mapping; 

(Hi) p^ : X^ Y^ is a compact mapping. 

Proof. The equivalence (i)<^(ii) is obvious, and (ii)<^(iii) follows from (|0.8p and a classical result on 
compact mappings |30| Theorem 4.19]. □ 

Proposition 0.6. If p : X Y is a compact mapping of Banach spaces, then its (Banach) second dual 
mapping p** : X** Y** turns X** into Y : 

p**{X**)'ZY (0.12) 
Proof. Let B be unit ball in X and T a compact set in Y such that 

p,{B) C T 

By the bipolar theorem, B is X*-weakly dense in the unit ball B°° of the space X** . Hence for each 
z € B°° one can choose a net Zi & B tending to z X*-weakly 

X*-wcakly oo /n i o^ 

B 3 Zi > z £ B (0.13) 

i — ^oo 

Since ip, like any weakly compact operator, turns X*-weak Cauchy nets into 'strong' Cauchy nets, we 
obtain that p{zi) is a Cauchy net in the compact set T, hence it tends to some y d T. 

p){zi) y 

I — >OQ 
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From this we have: 



Vg e Y* ip**{z^){g) ^ tp * ig)iz,) = giifiiz^)) — > g{y) = \Y{y){9) 

I — >oo 

(where iy : F — > Y** is a natural embedding). 

On the other hand from (|0.13p we also obtain that 

V/ e X* f{z,) f{z) 

and, in particular, this must be true for functionals f ^ (f (g) = g ^ where g G Y*: 
Vg e Y* 'P**{ziKg) ^ ^ * {g){z,) ^ ^*{g){z) = ^**{z){g) 

t — >oo 

From (10.14P and (jO.lSp we have 

ip**(z) = y 

I.e., ip**{z) e Y. This holds for each point z e B°° , so ((UT^ must be true. 



(0.14) 



(0.15) 



□ 



Proposition 0.7. Let if : X Y he a linear continuous mapping oj stereotype spaces. For any absolutely 
convex closed set V (^Y the following formula holds: 



(0.16) 



Proof. 



^g^V^ \v%g){x)\^\g{v{x))\^l ^ 



X e f^HV) 



□ 



Proposition 0.8. Let a : X ^ Y be a compact mapping of Smith spaces, and V an absolutely con- 
vex closed neighborhood of zero in the Banach representation Y^ of the space Y. Then its preimage 
{a^)^^{V) = (J~^{V) is a neighborhood of zero in the space X (and not only in its Banach representation 
X""). 



X^ 



X 



Y 



Proof. By formula (jO.Sp . we can consider cr^ as a mapping of dual Banach spaces for X* and Y*: 

= (a*)* : {X*)* (Y*)* 

Let us consider the Banach dual mapping (cr^)* = {a*}** : (Y*)** {X*)**. Since a* is compact, from 
Proposition [0?6] it follows that 

(cr*)**((y*)**) C X* 

This can be illustrated by the diagram 



X* <r- 



Y* 
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Now we have: 

F is a neighborhood of zero in = (Y*)* 

a- 

V° is a bounded set in (Y*)** 

a- 

{a*y*{V°) is a totally bounded set in {X*)** 

(since (a*)** is a compact mapping) & {a*)**{V°) C X* 

{a*)**{V°) is a totally bounded set in X* 
{cr^)-\V) = =°{^{<J^)*{V°)^ = °(((T*)**(F°)) is a neighborhood of zero in X 

□ 

Proof of Theorem \U.8l The equivalence of (i) and (ii) immediately follows from Propositions 10.51 After 
that formula (j0.9p follows from Proposition 10.81 if U is an absolutely convex neighborhood of zero in 
££6-lim (CK)^, i.e. U = {Uk', K e /C} is a system of neighborhoods of zeroes in the spaces (CX)^, 

satisfying the condition 



then from Proposition lO.Sl it follows that all those neighborhoods are neighborhoods of zero in the spaces 
CK. This proves the continuity of the mapping 

££6-lim CK £<te-\im (CK)^ 

K — >oo K — ^oo 

The continuity of the inverse mapping is obvious. Thus, the topologies in those spaces coincide. In other 
words, those limits coincide, and we obtain (|0.9p . This implies in its turn (jO.lOp . Finally if JC is countable, 
then by Theorem 10.61 the locally convex limits coincide with stereotype limits, and we have (jO.lip . □ 

(g) Nuclear stereotype spaces 

A mapping of stereotype spaces Lp : X —f Y we shall call nuclear^ if it satisfies the following four equivalent 
conditions: 

(i) there exist two sequences 



X * Y X — ^ 

/„ — > 0, bn — > 0, A„ ^ 0, > A„ < oo, 



such that 

oo 

^{x) ^^K- fn{x) -hn, X£X- (0.17) 

n=l 

(ii) there exist two totally bounded sequences {/«} in X* and {fe„} in Y , and a number sequence 
An ^ 0, Yl^^i An < oo such that (|0.17p holds; 
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(iii) there exist two bounded sequences {/«} in X*, and {bn} in Y, and a number sequence A„ ^ 0, 
X^J^i < °° s'ich that (|0.17p holds; 

(iv) there exist a sequence of functionals {/«} C X* , equicontinuous on X , and a sequence of vectors 

in some Banach disk B C Y, and a number sequence A„ ^ 0, X^riLi -^n < °° such that (|0.17p 
holds. 

Clearly, a nuclear mapping is always continuous. 

Proof. The implications (i) =J» (ii) (iii) are obvious. Let us prove the implication (iii) =^ (i). Suppose 
(iii) is true, i.e. the sequences {/„} C X* and {&„} C F in the formula (|0.17p are just bounded. Let us 
choose a number sequences (T„ > such that 



(Tn > +00, } Xn ■ an < OO 

n — 'OC' ^ — ^ 
n=l 

(we can denote X^j^i = C for this, and then divide the sequence A„ into blocks '^nk<n<nk+i ^ 
k ^ 0, hq = 0, and put (t„ = fc + 1 for Uk < n ^ nk+i). Then we can replace /„, 6„, A„ with 

'IT . /" 7~ _ , 

Jn • — , ; "n ■ — , ; -^n • — ■^n ' f^ni 

because 

OO OO y / \ ^ OO 

A„ • fn{x) • 6„ = ^ A„ • CT„ • -j= ■ ^ X! ' ' ^" ^ 



n=l n— 1 ^ ^ 

And since fn and 6^^ are bounded, then and 6n tend to zero 



/„ -^0, &„ ^ 0, V A, 

n — >oo n — *oo ^ — ^ 



< OO 

?i=l 

i.e. (i) holds. 

It remains now to show that the conditions (i)-(iii) are equivalent to (iv), i.e. the standard definition 
of nuclear mapping [321 117j . The implication (iv) (iii) is obvious. On the other hand, the implication 
(ii)=>(iv) holds: from (ii) it follows that the sequence of functionals {fn}, being totally bounded in X*, is 
equicontinuous on X by [H Theorem 2.5], and the sequence {bn} belong to Banach disk T = absconv{6„} 
by theorem 10.41 This is exactly (iv). □ 

Theorem 0.9. A linear continuous mapping between stereotype spaces tp : X —* Y is nuclear if and only 
if its dual mapping ip* : Y* —^ X* is nuclear. 

Let us call a mapping of stereotype spaces (p : X ^ Y quasinuclear, if for any compact set T C Y* 
there exist a sequence of functionals {fn} ^ X* equicontinuous on X and a number sequence A„ ^ 0, 
SJ^i A„ < OO such that 

OO 

;|5(^(x))k^A„|/„(x)| (0.18) 
If X and Y are Banach spaces, then quasinuclearity oi ip : X ^ Y means inequality 

OO 

n=l 

where || • \\y is the norm in y, /„ a bounded sequence of functionals on X, A„ a summable number 
sequence. 



max I 

S6T 
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Lemma 0.1. Let ip : X Y be a linear continuous mapping of Banach spaces, and let ip* : Y* ^ X* 
be its Banach dual mapping. Then 

- if ip is nuclear, then ip* is nuclear as well, 

- if ip* is nuclear, then p is quasinuclear. 

Proof. The first proposition here is obvious (and weU-known, see |25l 3.1.8]) and imphes the second one: 
if p* -.Y* ^ X* is nuclear, then p}** : X** Y** is also nuclear, and as a corollary, quasinuclear. From 
this we have that (p is also quasinuclear, since it is a restriction (and a corestriction) of a quasinuclear 
mapping p** on the subspace X C X** (and subspace Y C Y**). □ 

As usual, we call a stereotype space X nuclear [25], if every its continuous linear mapping into an 
arbitrary Banach space X Y is nuclear. 

Theorem 0.10 (Brauner, [?])• A Brauner space X is nuclear if and only if its dual Frechet space X* is 
nuclear. 

Theorem 0.11. Let K. be an expanding system of absolutely convex compact sets in a stereotype space 
X . Then the following conditions are equivalent: 

(i) for any compact set K ^ K, there is a compact set L ^ K, such that K Q L and the mapping of 
Smith spaces : CK — )■ CL is nuclear, 

(a) for any compact set K G JC there is a compact set L G IC such that K C L and the mapping of 
Banach spaces (t^)^ : (CK)^ (CL)^ is nuclear. 

If these conditions hold, then the locally convex injective limits of the systems {CK}KeiC o.'^d. {(CK)^}Ke!C 
coincide, 

£G:6-lim CK = £e:6-lim (CKf (0.20) 

K — >oo K — *oo 

and the same is true for their stereotype infective limits: 

6te-lim £K = Ste-lim [CK)^ . (0.21) 

K — >oo K — >oo 

If in addition to (i)-(ii) the system K. is countable (or contains a countable cofinal subsystem), then all 
those four limits are equal 

6te-lim CK = £G:6-lim CK = £e:6-lim {CKf = 6te-lim {CKf (0.22) 

K — >oo K — 'oc K — >oo K — ^oo 

and define a nuclear Brauner space. 

Proof. All statements here follow from Theorem 10.81 except the equivalence between (i) and (ii). 

(i)=>(ii). If is nuclear, then (t^)* is nuclear by Theorem 10.91 Hence (t^)^ = (('^k)*)* nuclear 
by Lemma lO. II 

(i)=>(ii). For a given compact set K let us choose a compact set L ^ K such that (t^)^ is nuclear. 
Similarly, take a compact set M D L such that (iff)^ is nuclear. Then from nuclearity of (t]^)^ = {{i-k)*)* 
and {oif)^ = {{i-i!)*)* by Lemma FO. II we have that (l^)* and (iff)* are quasinuclear. from this we have 
that (i|^)* o (L^f)* is nuclear as a composition of quasinuclear mappings [25l 3.3.2]. Now by Theorem lO.91 
Li^oLx~ 'M becomes nuclear, as a stereotype dual mapping. □ 

(h) Spaces C^^ and Cm 

The spaces C*^ and Cm we are talking about here are usually mentioned in textbooks on topological 
vector spaces as objects for exercises ([S] Chapter IV, §1, Exercise 11,13], [211 Chapter IV, Exerscise 6]). 
We list here some of their properties for the further references. 
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Space of functions C^''^. Let AI be an arbitrary set. Denote by C^^ the locally convex space of all 
complex- valued functions on M, 

with the pointwise operations, and the topology of pointwise convergence on M , i.e. the topology gener- 
ated by seminorms 

\u\j^ = sup \u{x)\ (0.23) 

where N is an arbitrary finite set in M. We call C*^ the space of functions on the set M. Note that C^^ 
is isomorphic to the direct product of card M copies of the field C: 

As a corollary, C*^ is always nuclear (since nuclearity is inherited by direct products [32, Theorem 7.4]). 
Theorem 0.12. For a locally convex space X over C the following conditions are equivalent: 
(a) X ^ C^^ for some set M; 

(h) X is a complete space with the weak topologi^ ; 
(c) X is a space of minimal type^ . 
Theorem 0.13. C*^ is a Frechet space if and only if the set M is at most countable. 

The space of point charges Cj\/. Let again M be an arbitrary set. Denote by Cm the set of all 
number families {ax\ x € M} indexed by elements of M and satisfying the following finiteness condition: 
all the numbers Ux , but a finite subfamily, vanish 

aeCu -^=^ a = {ax-,xeM}, G C, card{x S M : ^ 0} < oo (0.24) 

(clearly the families {a^; x G M} can be considered as functions a : A/ — > C with finite support). The set 
C M is endowed with pointwise algebraic operations (sum and multiplication by a scalar) and a topology 
generated by seminorms 

\al^ sup \{u,a)\ = J2r{x)-\ax\ (0.25) 

where r : G R+ is an arbitrary nonnegative function on M. We call Cm the space of point charges 
on the set M (and its elements - point charges on M). We can note that Cm is isomorphic to a locally 
convex direct sum of card M copies of the field C: 

Cm — Ccard M 

As a corollary. Cm is nuclear if and only if M is at most countable (nuclearity is inherited by countable 
direct sums [32l Theorem 7.4], and if M is not countable, then the imbedding Cm (^i{M) is not a 
nuclear mapping). 

Theorem 0.14. For a locally convex space X over the field C the following conditions are equivalent: 
(a) X = Cm for some set M; 

(h) X is a cocomplete' Mackey space, where every compact set is finite- dimensional; 



locally convex space X is called a space with the weak topology, if its topology is generated by the seminorms of the 
form \x\f = 1/(2^)1, where / are linear continuous functionals on X. 

■^A locally convex space X is called a space of minimal type, if there is no weaker Hausdorff locally convex topology on 

X. 

^We say that a locally convex space X is co-complete, if every linear functional / : X — > C which is continuous on every 
compact set K C X, is continuous on X. 
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(c) topology of X is maximal in the class of locally convex topologies on X (i.e. there is no stronger 
locally convex topology on X). 

The following theorem in essential part belongs to S. Kakutani and V. Klee [IH]: 

Theorem 0.15. Cm is a Brauner space if and only if the set M is at most countable. In this (and only 
in this) case the topology of 'Cm coincides with the so called finite topology on Ca/ (a set A is said to he 
closed in finite topology, if its intersection An F with any finite- dimensional suhspace F CCm is closed 
in F). 

Duality between C^^ and Cm- 
Theorem 0.16. The bilinear form 

{u,a) ^ u{x) ■ aa:, ueC^^aeCM (0.26) 

turns C*^ and Cm into a dual pair (C^^, Cm) of stereotype spaces: 

(i) every point charge a Cm generates a linear continuous functional f on C^ by the formula 

f{u)^{u,a), ueC', 
and the mapping a f is an isomorphism of locally convex spaces 

Cm = {C^'r-, 

(ii) on the contrary, every function u G C"'^^ generates a linear continuous functional f on Cm by the 
formula 

f{a) ^ {u,a), a e Cm, 
and the mapping u ^ f is an isomorphism of locally convex spaces 

c^' - (CM)^ 

Bases in C*^ and Cm- A basis in a topological vector space X over C is a family of vectors {e^; i E 1} 
in X such that every vector x G X can be uniquely represented as a sum of a converging series in X 



Y.X^■e,, (0.27) 



with coefficients Xi = Xi{x) continuously depending on a; e X. The summability of series (|0.27p is 
understood in the sense of Bourbaki [B^ : for each neighborhood of zero U in X there exists a finite set 
J C I such that for any its finite superset K, J Q K <Z I 

X — Xi ■ Ci G U 

(the summability of series (j0.27p does not mean that this series must have finite or countable number of 
nonzero terms). 

Theorem 0.17. The characteristic functions {l^; x e G} of singletons {x} C Af; 

Uy) = \l' y^M (0.28) 

[0 x^y 

form a basis in the topological vector space C*^; every function u E C*^ is a sum of a series 

xeM 

with coefficients u{x) E C continuously depending on u E C*^. 
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Theorem 0.18. The characteristic functions of singletons {x} C M, which as elements of Cm we denote 
by the Kronecker symbols {5^; x G G} 

5%y) = r' '^ = ^ yeM (0.30) 
1^0 x^y 

form a basis in the topological vector space Cm ■' every point charge a G Cm is a sum of a series 

a= Y.c^x-S'' (0.31) 

with coefficients Ux € C continuously depending on a ^ Cm- 

Theorem 0.19. The bases {l^; x e M} (in C*^J and {P; x € M} (in Cm) are dual: 



1, X 

0, X y^y 



Theorem 0.20. In the spaces C^ and Cm o.ny two bases can be transformed into each other through 
some automorphism (i.e. a linear homeomorphism of the space into itself). 

§ 1 Stereotype Hopf algebras 

(a) Tensor products and the structure of monoidal category on &tt 

If X and Y are stereotype spaces, then hy Y : X we denote a set of all linear continuous mappings 
(p : X ^ Y endowed with the topology of uniform convergence on totally bounded sets in X. The symbol 
Y (d X means pseudosaturation of this space: 

Y(Z)X = {Y : X)'' 

(the operation of pseudosaturation A means some special strengthening of the topology of the initial 
space - see [U §1]). The space Y Cd X is always stereotype (if X and Y are stereotype). 
In the category 6te of stereotype spaces there are two natural tensor products: 

- a projective tensor product is defined by the equality 

X®Y ^{X*0Y)*; 

the corresponding elementary tensor x ® y £ X ® Y {x £ X , y e Y) is defined by the formula 

x®y{^) = (p{y){x), ipeX*0Y; (1.1) 

- an injective tensor product is defined by the equality 

the corresponding elementary tensor x Q y X Q Y (x d X, y d Y) is defined by the formula 

xQyif) = fiy)-x, feY*. (1.2) 



These two operations are connected with each other by two isomorphisms of functors: 
d : (X ®Yy = X* QY", e: (X QYy ^ X* ®Y* 
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Theorem 1.1. The identities 

3x,Y.z{i^®y)®z) ^^®iy®z) xeX, yeY, zeZ (1.3) 

l|(A®a;) = A-a; = r®(a;®A) A e C, xeX (1.4) 

c|(x®y) = y®a; xeX, yeY (1.5) 

correctly define natural isomorphisms of functors in the category Ste 

a®Y^z ■■{X®Y)®Z^X®{Y®Z) 

\%:C®X^X 

r®:X®C^X 

c®Y : X ®Y ^Y ®X 

These isomorphisms in their turn define a structure of symmetrical monoidal category on 6te Q \2S'j with 
respect to the bifunctor ®. 

Before formulating the next theorem let us agree to denote by h the mapping from C into C*, which 
every number A G C turns into the linear functional on C, acting as multiplication by A: 

h:C^C* I h{X){fi) ^ X- fi (A,/^eC) (1.6) 

Clearly, h : C ^ C* is an isomorphism of (finite-dimensional) stereotype spaces. 

Theorem 1.2. The formulas 

^%.Y,z = [}x 0(iy iz) o Ix" O d^l^^. o A-^.y.^^z* °(a® ',y*,zO*o 

O dx*®y*,Z* o djf.,y. 0lz** o (i^l iyi) i^* J 
I® = (h-l0i3,lodc,x.o(l®O*oi^)"' 

r| = (iii0h-iodx*,co(r®O*oix)^' 

ciy = (ix^ ° °(c|*,y*)* ° (dy*,x*)"^ °''y® ''x) 

define isomorphisms of functors in the category 6te 

a%Y,z ■■{XQY)QZ^XQ(YQZ) 
\%:CQX ^X 
r%:XQC^X 
c®y:X0r^y0X 



such that 



a® 



(^{xQy)Q z'j ^ xQ (y® z) x e X, y e Y, zeZ (1.7) 

|©(A0a;) = A -a: = r®(a;0 A) A e C, xeX (1.8) 

c%{xQ y) ^yQx x £ X, y &Y (1.9) 

These isomorphisms define a structure of symmetric monoidal category on Ste ^] with respect to the 
bifunctor Q. 
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The following fact was noted in (TJ Theorem 7.9]: the identity 

@x,y{x ®y) = xQy, x £ X, yeY (1.10) 
defines a natural transformation of the bifunctor ® into the bifunctor 

@x,Y : X ®Y X QY, 

called Grothendieck transformation. 

Theorem 1.3. If X and Y are Frechet spaces (respectively, Brauner spaces), then 

(i) the stereotype tensor products X ®Y and X Q)Y are also Frechet spaces (respectively, Brauner 
spaces ), 

(a) if at least one of the spaces X and Y is nuclear, then the Grothendieck mapping @x,Y '■ X ®Y ^ 
X QY is an isomorphism of stereotype spaces 

X®Y = XQY, 

(Hi) if both of the spaces X and Y are nuclear, then the space X ®Y = X QY is also nuclear. 

Proof. The fact that the spaces X ® Y and X Q Y are Frechet spaces (respectively, Brauner spaces), 
was noted in [1] Theorems 7.22, 7.23]). If X or F is nuclear, then the isomorphism X ® Y = X Q Y 
is a corollary of the fact that for two Frechet spaces, of which one possesses the classical approximation 
property, the tensor products ® and coincide with the usual projective and injective tensor 
products [H Theorems 7.17, 7.21]. Finally, if both X and Y are nuclear, then in the case when both X 
and Y are Frechet spaces, their tensor products X ®Y ^ X QY = XqY are nuclear, since nuclearity is 
inherited by projective tensor product [251 5.4.2]. If X and Y are Brauner spaces, then by what we have 
already proved, the Frechet space X* Q Y* is nuclear, hence, by the Brauner theorem 10.101 the space 
X ® r = (X* y*)* is also nuclear. □ 

As a corollary, we have 

Theorem 1.4. The categories 915^re of nuclear Frechet spaces and 9T*Bra of nuclear Brauner spaces are 
symmetrical monoidal categories with respect to bifunctors ® and Q (which coincide on each of those 
categories). 

(b) Stereotype Hopf algebras 

Algebras, coalgebras and Hopf algebras in a symmetric monoidal category. Recall [33], that 
an algebra or a monoid in a symmetrical monoidal category (K, 0, /, a, r, I, ) is a triple {A, ii, i), where A 
is an object in and fi : Aq A —y A (multiplication) and (,:/—> A (identity) are morphisms, satisfying 
the following axioms of associativity and identity: 

{AqA)qA ^^'^'^ > Aq{AqA) IQ a '•^ > A < AqI 

AqA — ^ A < ^ AqA AqA 

To any two monoids {A, /i^, ca) and {B, ^b, i-b) one can assign a monoid {A B, ^a®b, i-a»b) in which 
the structure morphisms are defined by formulas 




fiA® fJ-B ° Oa,B,A,B, i-A^B '■— iA® t^B ° 1/ 



(1.12) 
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{A(g, B)(g, {A(g, B) 



-> (A «) A) (g) (B (g) B) 



A<»B 

and is the isomorphism of functors 



A<SiB 



((A, B, C, D)^ {A(g)B)(g){C(g) D)) ((A, B, C, £») (A «) C) g) (B ® L>)) (1.13) 



coming in as a combination of structure isomorphisms a, I, r, c, a 



r ^, c ^ in the tensor category 



R (by the coherence theorem [2 3) this morphism is unique in this class). 

The notion of coalgebra or comonoid in a symmetric monoidal category R is defined dually as an 
arbitrary triple {A, k, e), where A is an object of and x : A ^ A^ A (comultiplication) and e : A ^ I 
(counit) are morphisms satisfying the dual conditions of coassociativity and counit: 



{A® A)® A 



A(g) A ■Ir- 



A<»{A<^A) 



1a0x 



A 




(1.14) 



Like in the case of algebras, the tensor product A(^ B oi two coalgebras {A, >ca, sa) and {B, xbtEb) in 
R possesses a natural structure of comonoid in the category K with the structure morphisms 



Xl o Ea^ £b 



Hopf algebra (another term ~ Hopf monoid) in the symmetrical monoidal category is a quintuple 
{H, fi, L, >«•, e, fj), where H is an object in .ft, and morphisms 



a : H H 
satisfy the following conditions: 

1) the triple {H, fj,, l) is an algebra in 

2) the triple (H, x, e) is a coalgebra in 

3) the following diagrams are commutative: 



(multiplication) , 
(unit), 
(comultiplication) , 
(counit), 
(antipode) 



(H®H)®{H® H) 

I 

17^ 



'H.H,H.H 



-4 (H ® H) ® {H (g, H) 



I 



H®H 



-4 H 



H — H®H 



I® I ; ^ I 



(1.15) 



(1.16) 



§1. STEREOTYPE HOPF ALGEBRAS 



25 



H 



(1.17) 



- they mean that morphisms k : H —t H ® H and s : H —i- I are homomorphisms of algebras, and 
morphisms fi : H (g) H H and l : I H arc homomorphisms of coalgebras in the category ^ 
(here again 9 is the transformation (|1.13p ): 

4) the foUowing diagram caUed antipode axiom is commutative: 



H(g)H ^H®H 



(1.18) 



H- 



If only conditions l)-3) are fulfilled, then the quadruple {H, fj,, l, x, e) is called a bialgebra in the category 



Projective and injective stereotype algebras. In accordance with the general definition, a pro- 
jective (respectively, injective) stereotype algebra is an algebra in the symmetric monoidal category of 
stereotype spaces (©te, ®) (respectively, (©te, 0)). 

For the case of projective algebras this definition admits a simple reformulation [U §10]: 

Proposition 1.1. The structure of projective stereotype algebra on a stereotype space A is equivalent 
to the structure of associative (unital) algebra on A, where the multiplication {x,y) <—> x ■ y satisfies the 
following two equivalent conditions of continuity: 

(i) for every compact set K in A and for every neighborhood of zero U in A there exists a neighborhood 
of zero V in A such that 

K -V CU & V -K <ZU 
(a) for every compact set K in A and for any net ai in A, tending to zero, Qi — > 0, the nets x ■ ai 

i — >oo 

and Oi ■ X tend to zero in A uniformly in x ^ K . 

Example 1.1. Banach algebras and Frechet algebras are examples of projective stereotype algebras. 
Another example is the stereotype algebra C{X) — X (d X oi operators on an arbitrary stereotype space 
X. 

Example 1.2. The standard functional algebras C(M), E{M), 0{M), TZ{M) of continuous, smooth, 
holomorphic functions and polynomials are examples of injective stereotype algebras (see details in pQ 
§10]). 

Stereotype Hopf algebras. Again, following the general definition, we call 

- a projective stereotype Hopf algebra a Hopf algebra in the symmetric monoidal category of stereotype 
spaces with the projective tensor product (©te, ®); 

- an injective stereotype Hopf algebra a Hopf algebra in the symmetric monoidal category of stereotype 
spaces with the injective tensor product (©te,0); 
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- a nuclear Hopf-Frechet algebra a Hopf algebra in the symmetric monoidal category of nuclear Frechet 
spaces OlS're; 

- a nuclear Hopf-Brauner algebra a Hopf algebra in the symmetric monoidal category of nuclear 
Brauner spaces 0^Q3ra. 

Suppose in addition that a stereotype space H is such that the Grothendieck transformation for the 
pair {H; H), for the triple {H; H; H), and for the quadruple {H; H; H; H) give isomorphisms of stereotype 
spaces: 

@H,HM : H®H®H = HQHQH 

@H.,H,H.H : H®H®H®H^HQHQHqH 

(this is always the case if iJ is a nuclear Frechet space or a nuclear Brauner space). Then, obviously, 
every structure of projective stereotype Hopf algebra on H is equivalent to some structure of injective 
stereotype Hopf algebra on H and vice versa: the structure elements of Hopf algebra in (Ste, ®) and 
(Ste, 0) (we differ them by indices ® and ©) either coincide 

t® = t0, e@=£0, (T® = (70 

or are connected by diagrams 

H®H '■ > HqH H®H '■ >HQH 




H H 



We call those (projective and at the same time injective) Hopf algebras rigid stereotype Hopf algebras. 

Example 1.3. Clearly, every nuclear Hopf-Frechet algebra and every nuclear Hopf-Brauner algebra are 
rigid stereotype Hopf algebras. 

Duality for stereotype Hopf algebras. 

Theorem 1.5 (on duality for stereotype Hopf algebras). A structure of injective (projective, rigid) 
Hopf algebra on a stereotype space H automatically defines a structure of projective (injective, rigid) Hopf 
algebra on the dual stereotype space H* - the structure elements of Hopf algebra on H* are defined as 
the dual morphisms for the structure elements of Hopf algebra on H : 

(JH* = {crH)*- 

Example 1.4. Every Hopf algebra in usual sense H (i.e. a Hopf algebra in the category of vector 
spaces with the usual algebraic tensor product 0) becomes a rigid Hopf algebra, being endowed with the 
strongest locally convex topology. The dual space H* with respect to this topology is a space of minimal 
type (in the sense of Theorem 10. 121) and a rigid Hopf algebra, as well as H. This, by the way, illustrates 
one of the advantages of stereotype theory: here we do not need to narrow the space of linear functionals 
to make a Hopf algebra from them, like it is usually done (see e.g. [H 1.5] or [51 4.1.D]) - the space H*, 
being a space of all linear functionals (automatically continuous, by the choice of the topology in H), 
is a "true" Hopf algebra, but to see this we have to take one of the stereotype tensor products ® or 
instead of the algebraic tensor product 0. 
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Dual pairs. Let H be an injective, and M a projective stereotype Hopf algebras. Let us say that H 
and M form a dual pair of Hopf algebras, if there is a non-degenerate continuous (in the sense of [U 
Section 5.6]) bilinear form (•, •) : H x M ^ C, which turns algebraic operations in H into dual operations 
in M: 



{^ih[U), a) = {U, KM{a)), {1h, a) eA{a), 

{xh{u),A) = (u,^m(^)), eH{u) = (u, 1m), 

(cTif (u),q;) = (u, CTAf(a)) 

(u e H , U e H Q H , a e M , A e M ® M). U {H, M) is a dual pair of stereotype Hopf algebras, where H 
is an injective, M a projective Hopf algebra, then on default we shall denote by dot • the multiplication 
in H, by snowflake * the multiplication in M: 

^_f/(w Qv) — u ■ V, fJ,M{a ® /3) — a* f3 

Example 1.5. Certainly, the pair {H,H*), where H is an injective stereptype Hopf algebra, and (•,•) 
the canonical bilinear form, 

(a, a) :— a{a), a G H, a E H* 

is an example of dual pair of Hopf algebras. Below we use the notation (•, •) for this form without 
supplementary explanations. 



(c) Key example: Hopf algebras and Cq 

Recall that in |§ C|[h)| we defined the spaces C*^ and Cm of functions and of point charges on a set M. If 
M is a group, then the spaces C*^ and Cm naturally turn into a dual pair of Hopf algebras. 



Algebra C*^ of functions on G. Let G be an arbitrary group (not necessarily finite) and let be 
the space of all (complex- valued) functions on G, defined in |§ C|[h)[ 

mgC^ ^ u:G^C 

with the topology of pointwise convergence (generated by seminorms H^n^ ). We endow C^ with the 
supplementary structure of algebra with the pointwise algebraic operations: 

{u-v){x) =u{x)-v{x), lcG(a;) = l (x e G). (1.19) 

Recall that by formula (|0.28p above we defined the characteristic functions Ix of singletons in G. The 
multiplication in C*^ can be written in the decomposition by the basis {la;; x E G} by formula 



u{x) • Ix ■ ^ v{x) Ixj = ^ u{x) ■ V{x) ■ la 
\x6G / \xeG J xeG 



(1.20) 



and on the elements of this basis looks as follows: 



ix-iv = r"' ^'"^ (1-21) 

' lo x^y ^ ' 



The algebra Cg of point charges on G. 

point charges on G, defined in § Q[h) 



Again let G be an arbitrary group and Cg the space of 



{c 



eG}, 



£ C, card{a; G G : a^, ^ 0} < oo 
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We endow Cg with the topology generated by seminorms (j0.25p (by theorem 10. 141 this is equivalent to 
the strongest locally convex topology on Cg)- Besides this Cg is endowed with the structure of algebra 
under the multiplication 

{a * I3)y ^ ^ ■ P^-i.y 

By formula (|0.30p we defined the characteristic function of singletons in G, which, being considered as 
elements in Cg were denoted by the symbols of delta- functionals: 5^. The unit in Cg is the characteristic 
function S"^ supported in the unit e of the group G: 



1, X ~ e 
a; 7^ e 



The multiplication in the algebra Cg is written in the decomposition by elements of the basis {S^; x £ G} 
by formula 



\xeG / \yeG J x,yeG zeG \xeG ) 



(1.22) 



and on the elements of this basis looks as follows: 

^^^^y = ^^-y. (1.23) 

C*^ and Cg as stereotype Hopf algebras. For two arbitrary sets S and T and for two functions 
M : 5 — > C and t; : T — > C let the symbol u □ w denote the function on the Cartesian product S x T 
defined by the identity 

{uBv)is,t) ■.= u{s) -vit), seS, teT (1.24) 

The definition of the Hopf algebra in the infinite-dimensional algebras C'' and Cg is based on the following 
observation: 

Theorem 1.6. The formula 

Ps,t{uBv) =uQv (1-25) 
defines an isomorphism of topological vector spaces 

PS,T ■■ C^""^ ^ C^ C^ 
This isomorphism is an isomorphism of functors, 

((^; T) ^ C^><^) ((5; T) ^ C"" Q C^) , 

since for any mappings tt : 5* — > S" and a : T ^ T' the following diagram is commutative: 

^ C^ C^ 



idc 0{ttx<j) 



(idc0-!r)0(idc0o-) 



here the mappings idc 0? e defined by formula 

idc07r : C'^' ^ C'^, idc 07r(z;) = u o tt 
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This theorem allows to define the structure elements of Hopf algebra on C'' with respect to 0: the 
mapping /i : C*^ C*^ C*^ is initially defined on the set of functions on the Cartesian product G x G, 



^G 



Jl{v){t)^vit,t) 



and then is extended to tensor square by the isomorphism pg,g- 

fl = pt° PG,G- 

Similarly the comultiplication x : C*^ C*^ is initially defined with the values in the space of 

functions on the Cartesian square 

j^:C«_>C^xG 3i{u){s,t) =^u{s-t) 
and after that is extended to tensor square by the isomorphism pg,g- 

X = Pg.g ° 

The other structure elements of Hopf algebra on C-^ are obvious: 

unit: i:C^C'^, i(A)(t) = A 

e{u) = -u(Ig) 



counit: 
antipode: 



The following picture illustrates these definitions: 



^GxG 



C 



G 



PG.G 



c 



(1.26) 



C^0C 



G 



On the space Cg of point charges on G the structure of Hopf algebra with respect to tensor product ® 
is defined dually by Theorem 11.51 as on the dual space to C*^ in the sense of bilinear form (|0.26p . The 
following theorem shows that these definitions indeed define a structure of Hopf algebra on C*^ and Cg: 

Theorem 1.7. For any group G 

- the space of functions on G is an injective (and moreover, a rigid) stereotype Hopf algebra; if 
in addition G is countable, then is a nuclear Hopf-Frechet algebra; 

- the space Cg of point charges on G is a projective (and moreover, a rigid) stereotype Hopf algebra; 
if in addition G is countable, then Cg is a nuclear Hopf-Brauner algebra. 

The Hopf algebras €P and Cg form a dual pair with respect to bilinear form (|0.26p . and the algebraic 
operations on them act on bases {la;} and {(5^} by formulas: 




la: ■ ly 



fT(la;) 



1^-1 



a;eG 



x-y 



1, X ~ e 
0, X ^ e 



(1.27) 



(1.28) 



Cg : (5"= * sy = 5''-y 



ein = 1 



(1.29) 
(1.30) 
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Proof. Formulas (jl.27|) - (|1.30p are verified by direct calculation. The rigidity follows from 1, (7.37)]: 

® C-^ ^ C^^'' 9iC^ Q C-', Ci ® C,7 =s C/xj = C/ Cj. 

The structure of Hopf algebra on Cq is generated by the structure of Hopf algebra on C*^ due to Theorem 
1.51 Thus, we need only to prove that C*^ is a Hopf algebra with respect to ©. 

1. Let us check diagram (|1.15p . Replace everywhere H by C'^ and ® by 0, and after that let us 
overbuild this diagram to the following prism: 



^GxG 



PG.G 




GxG 



PG.G 



(C^ c'^) (c^ C^) A (c^ C^) (c'^ 



Here 9 = O^g cg cg cg is the isomorphism of functors from p.l3p . and the other morphisms are defined 
as follows: 

9w(a, b, c, d) = w(a, c, 6, d), 3iv{a, b, c, d) — v{a ■ b,c ■ d), Jlv{a, b) = w(a, a, 5, b) 

To prove that the base of the prism is commutative, it is sufficient to verify that all the other faces are 
commutative. The remote lateral faces 



°CG 



°CG 



c^0e 



PG,G 



are just distorted triangles from diagram (|1.26p . 
In the left nearby face 



^GxG 



-). £(GxG)x(GxG) 



PGxG,GxG 



GxG ^ ^GxG 



Pg,gG)pg,g 



(C^ C^) (C° c^) 
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— the lower triangle is just left triangle in (|1.26p multiplied by itself via the operation 0, and the com- 
mutativity of the inner quadrangle is verified by the substituting the function uSv E C*^^*^, u,v E C^, 
as an argument: if we move down, and then right and up, we turn this function into }i{u) >({v), 

uBve C^^^ 
1-^ uQv (eC^ QC^ 

- and if we move right and then down, we obtain the same result: 

uBve C^^^ 

)i(u □ w)(a, b, c, d) — (u □ u)(a • 6, c • c?) — u{a ■ b) ■ v{c ■ d) = )i{u){a, b) ■ )i{v){c, d) = 
— {>c{u) □ >c{v)) (a, b, c, d) 
^ PGxG.GxG □ ^v)) = 11251) = 3i{u)) x(i-) e C^^° C^^^. 

The commutativity of the central nearby face: 



l^(GxG)x{Gy.G) 

PGxG.GxG 

(^GxGq(^GxG 

Pg.gQpg.g 
-^G ^ if~*G\ ^ ( (T^G ^ if^G 



^ (^{GxG)x{GxG) 



PGxG.GxG 

(^GxGqi^GxG 

Pg.gQpg.g 

G rr'G\ 



C^) (C^ C^) — ^ (C^ (C^ C^) 

- is verified by substituting a function (u □ w) □ (p □ G C'-^^'-^ as an argument, its motion due to (|1.25p 
will be as follows: 

(u □ u) □ (p □ q) 1-^-^ (u □ p) □ (u □ q) 



PGxG.GxG 



PGxG.GxG 



(u □ w) (p □ q) (u □ p) (u □ q) 



PG.G&PG.G 



Pg.gQpg.g 



(u u) (p q) I > (u p) (u q) 



In the right nearby face 



^(GxG)x(GxG) 



PGxG.GxG 



^GxGq^GxG 



Pg.gQpg.g 



■^GxG 



(C^ C^) (C° C^) 
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— the lower triangle is just the right triangle in (jl.26p multiplied by itself via the operation 0, and 
the commutativity of the inner quadrangle is verified by taking as an argument the function u □ v G 
£^{GxG)x{GxG) ^ u,w S C*^^*^: if we move down, and then right and down, we obtain 

— and if we move right and then down, we obtain the same result: 

Jl{u □ v){a, b) — {uE\ v){a, a, b, b) — u{a, a) ■ v{b ■ b) — Ji{u){a) ■ Ji{v){b) = (jj,{u) □ pt(u)) (a, 6) 
^ PG,G iKu) □ ]l{v)) = (fT^ = ]l{u)) ]l{v) e <C^. 

It remains to check the commutativity of the upper base of the prism. 




GxG 



(^(Gy.G)x(Gy.G) 



^ £{GxG)x{GxG) 



A function v G C*^^*^, being moved through the upper two edges of the pentagon, undergoes the following 
transmutations: 



V e 



■^GxG 



-> /iw e C , ^iv{a) = v{a,a) 

-> >f (jlv) e C*^^*^, 3i (Jlv) (a, b) = Jiv{a ■ b) = v{a ■ b,a ■ b) 
and the result is the same as if we move it through the three lower edges: 



V e 



■^GxG 



S^we C(^^^)^(^^^), Kvia,b,c,d) = v{a-b,c-d) 

9(%v^ e c(GxG)x(GxG)^ e{%v^ {a,b,c,d) = %v{a,c,b,d) ^ v{a ■ c,b ■ d) 



H (^e e C^""^, fj. {e (>^w^) {a,h) = e {^xvj {a,a,b,b) = xv{a,b,a,b) ^v{a-b,a- b) 

2. After that we verify diagrams (|1.16p . which for the algebra C*^ come to the following form: 



-4C0C 

(.01 



^G 









C0C- 



->■ 1 



Ic 



-> I 



Let us input an arbitrary number ^ S C as a argument into the first diagram, and an elementary tensor 
uQ V G C*^ into the second diagram, and apply identities (|1.8p : 



i&L 



uQ v\- 

e0e 



-^U ■ V 



C ■ Ico I " ! C-^coQ Ico "(1g) ^'(Ig) u(1g) • v{1g) 
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3. It remains to verify diagram (jl.lSp . which for C*^ comes to the form: 

(j-G Q ^ Q ^G 




We overbuild it to the diagram 



— > C<= c« 



(1.31) 



^GxG 



^rGxG 




> C<^ 




0C« 



PG,G 



^GxG 



^►C<=0 



PG,G 




^GxG 



where the mappings cti and (72 are defined by the identities 

CTi(w)(s, i) := w(s"\ i), cr2(w)(s, i) := v{s, t~^) 

Obviously, all the triangles and quadrangles siding with the borders of this picture, are commutative 
here. Hence, to prove the commutativity of the two inner pentagons (i.e. the commutativity of (jl.3ip ) it 
is sufficient to check the commutativity of the diagram arising after throwing out the vertexes C*^ C^: 



■^GxG 



^(PGXG 




This is done by the direct calculation: for any function u E its final image after motion through the 
diagram is the function u(1g) • Ic^ S C!*^. Indeed, 
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if we move through the upper arrows, we obtain the foUowing: 



1^ >c{u) e C^""^ , x{u){s,t) ^u{s -t) 

^ cri(5<(u)) e C^""^, ai{x{u)){s,t) ^x{u)(s^'^,t) ^u{s^^ -t) 

Jl{ai{3i{u))j e C^, Jl(ai{>c{u))j (s) = ai{>c{u)){s, s) = >c{u){s^'^, s) = u(s"^ • s) = u(1g) 

- if we move aflat through the center of the pentagon, we obtain the same: 

ueC^ 

1-^ e{u) e C, e(u) = u{1g) ■ Ic 
^ t(e(w)) e C^, i(£(w)) = u(1g) • 

- and if we move through the lower arrows, we come to the same result: 
^ e C^""^, }i{u){s,t) ^ u{s -t) 

Cr2(x(u)) e C^""^, (T2(J<(w))(s,t) = X(u)(s,t"^) = U(S • t"^) 

l-^ p(((T2(J<(u))) e C^, /l(o-2(J<'(u))j (s) = 0-l(>«-(u))(s, S) = ><-(u)(s, S~^) = u{s ■ S"^) = u(1g) 

□ 

(d) Sweedler's notations and the stereotype approximation property 

A useful instrument for proving results in the theory of Hopf algebra are Sweedler's notations [12] • This 
technique can be applied in the stereotype theory as well, at least in situations, where a given stereotype 
Hopf algebra H, being considered as a stereotype space possesses the stereotype approximation property 
(seen). 

The following result explains this: 

Theorem 1.8. If H is an injective (respectively, a projective) stereotype coalgebra with the stereotype 
approximation property, then for any x £ H 

(i) the comultiplication >c{x) can be approximated in the topology of H by the finite sums of the form 

i=l \i=l / 

(a) the identity 

{K{x),a® P) ^0 ((x(a;),a0/3) = o), a,f]eH* 
is equivalent to the identity 

yt{x) = 

Proof. This follows from the definition of the stereotype approximation 1, §9]. □ 

If now H, say, is an injective stereotype coalgebra with the stereotype approximation property, then 
for each element x £ H the symbol J2{x) ^' © ^" denotes the class of nets of the form ^'v,i © 

tending to k{x): 
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and the record 

:x{x) =^x' Qx" (1.33) 

{x) 

should be understood as follows: the right side denotes one of those nets (but without indices), and the 
arrow is replaced by the equality. 

The formulas for comultiplication and antipode, and the others, like 

>,{aix)) ^J2a{x")Qa{x') 

(x) 

are interpreted as follows: for every net X]r=i ^'vi ® -^"i condition (|1.32p automatically implies the 
condition 

>c{a{x)) 4— ^a«,)0a(x:,^,) 

i=l 

The proof can also be conducted with the help of the record (|1.33p : 

{>i{a{x)),a® P) = {(j{x),a*l3) = {x,a*{a*l3)) = {x , a* {(3) * a* [a)) = (><(x), cr*(/3) ® cr*(a)) = 
= IY.x'Qx'\ a* (13) ® a* (a) \ = ^(x' x" , a* {(3) ® a* (a)) = ^(a:', a*(/3)) • {x" , a* (a)) = 

\ (x) I (x) (x) 

= Y,{a{x'),P) ■ {a{x"),a) = Y,{g{x") Q a{x'),a® P) = a(a;") a(a;'), « ® /? ) 

(x) {x) \(x) I 

As an example of the application of these "generalized" Sweedler's notations let us consider the 
following situation. In the theory of quantum groups the verification of the diagram for antipode (jl.lSp . 
i.e. the identity 

^((cr l){x{x))^ = e{x) • iff = /i((l (r){x{x))^ , xeH (1.34) 

often leads to some bulky computations. In those cases one remark, made by A. Van Daele in [39, is 
useful. Being applied to stereotype algebras it looks as follows: 

Lemma 1.1. Suppose H is a stereotype bialgebra (no matter, projective, or injective) with the stereotype 
approximation property, a is its (continuous) antihomomorphism and the equalities (|1.34p are true for 
two elements x € H and y £ H . Then they are true for their multiplication x ■ y. 

Proof. Both those equalities for x ■ y are proved by direct computations, for instance, the left one is 
obtained as follows (here the tensor product means ® or 0): 



/x((cr 1){k{x ■ y))j = Ai((cr l){x{x) ■ >c{y))j = ^ (tr 1) ^ x" • ^ y' y" 

-- J2 A'((a0l)(a;'-y'0x".y")) - Yl l^{'j{x' ■ y') x" ■ y") ^ ^1 l^{'T{y') ■ '^ix') ® x" ■ y") 

ix),iv) {x),{y) {^),{y) 

= a{y') ■ a{x') ■ x" • y" = ^ a(y') • I ^ a{x') ■ x"]- y" = ^ a(y') • e{x) ■ 1h ■ y" = 
i^),iv) iv) \ix) J iv) 

= • Iff • X! ^(2/') • y" = £{x) ■ Iff • £(y) • Iff - = eix ■ y) ■ Ih- 

iv) 



□ 
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(e) Grouplike elements 

Proposition 1.2. For an element a £ H in a stereotype Hopf algebra H with the stereotype approximation 
property the following conditions are equivalent: 

(i) x{a) — a Q a {>({o-) — a® a); 

(a) the functional (a, •) : H* —>■ C is multiplicative: 

(a, a* P) = {a, a) ■ {a, (3) (1.35) 

(Hi) the operator M* : H* — > H* dual to the operator of multiplication by element a, 

Ma{x) :— a ■ x 
is a homomorphism of stereotype algebra H* . 
Proof. Obviously, (i) and (ii) arc equivalent. Let us show that (i) <=^ (iii). If a satisfies (i), then 

{x, M*{a * (3)) = {Ma{x),a * P) — {a ■ x,a * f3) ~ {K{a ■ x),a® (3) — {x{a) ■ >c{x), a® P) — 

= la®a-'^x'®x",a®p \ = / ^(a • x') (a • x"),a ® /3 \ = ^(a • x', a) • (a • x" , [3) = 

\ (x) I \ (x) I {x) 

= Y.{x', M:(«)) . (x", = ls2x'Qx", UHa) ® MI{P)\ = {^ix), M^ia)® M^m = 

(x) \ (x) I 

^{x,Ml{a)*Mim 

This is true for every x & H, therefore 

M:(a*/3) = M:(a)*M:(/3) (1.36) 

On the contrary, if p.36p is true, then 

{Hia), a®(3)^(a,a*P)^ (1, M:(a * /?)) - (1, M:(a) * MIW) = (>^(1), Kio') ® KiP)) = 

= (10 1, M:(a) ® = (1, M:(a)) • (1, = (a, a) ■ (a, /3) = (a a, a ® /?) 

and since this is true for each a and (3, we obtain (i). □ 

An element a of an injective (resp., projective) stereotype Hopf algebra H is called grouplike element, 
if a 7^ and a satisfies the conditions (i)-(ii)-(iii) of Proposition [1^ The set of grouplike elements in H 
is denoted by G{H). As in the pure algebraic situation (see [37j), G{H) is a group with respect to the 
multiplication in _ff , since it possesses the following properties: 

1°. Va e G{H) e{a) = 1. 

2°. VaeG(iJ) fl-i = (T(a) e G(iJ). 

3°. Va,6e G{H) a -be G{H). 

Proof. 1° is proved by applying the comultiplication axiom: 

1 0a = IjjVa) = (fTTi)) = (e®\dM)(>c(a)) = (e®\dM)(a®a) = e(a) a =^ e(a) = 1 

In 2° we need to apply the fact that a* is an antihomomorphism: on the one hand, K{a{a)) — a{a)Qa{a), 
since 
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{x{a{a)),a ® /3) = {cr{a), a * (3) ^ {a, (j*{a * (3)) = (a, a*{(3) * a*{a)) = {>c{a), a* {(3) ® a* {a)) = 

= (a a, cr*(/3) ® ct*(q:)) = (a, (t*(/3)) • (a, (J* [a)) = (CT(a), /?) • {<7{a), a) = (CT(a) a{a),a ® /3) 

And, on the other hand, e(a-(a)) = (cr(a), 1/^) = (a,(7*(l_y)) = (a, Iff) — £(a) = 1- Together these 
conditions mean that <T{a) G G{H). Apart from that, 

a{a)-a = n{a{a)Qa) = ^(^(cr0idff )(a0a)^ = ^(^(f70idff )(>^(a))^ = p.lSp = s{a)-lH = (property 1°) = 1h 

and, similarly, a • cr(a) = 1//. Hence, cr(a) = a^^. 

Finally, 3°: if a, 6 G G(iJ), then, first, >c{a ■ h) = x{a) ■ M:{b) = aQa-bQb = {a ■ b) Q {a ■ b), and, 
second, e(a • b) — e{a) ■ e{b) = 1. Therefore, a ■ b e □ 

Recall that an element a of an algebra A is called central, if it commutes with all other elements of A: 

Wx (z A a ■ X — X ■ a 

Proposition 1.3. If a is a grouplike and in addition a central element in a H op f algebra H, then 

1 ) the following identities hold: 

MqO cro Ma = (7, CT o Ma = M<j-i oo- (1-37) 

M>CT*oM*==CT*, (T^ o m; = M*-i OCT* (1.38) 

2) if H has the stereotype approximation property, then the following identities hold: 

^(M;;(a)) -Xl^a(a')®"" =51"'® aeH* (1.39) 

(«) (a) 

x((M:)^+^"(a)) =^(M:)^(a')®(M:)^"(a"), aeH\ z,jGN (1.40) 

(a) 

Proof. 1. For each x € H we have 

(Ma OCT o Ma){x) — a ■ a{a ■ x) = a ■ a{x) ■ cr(a) = a ■ a{x) ■ — ct(x) • a ■ = f (2^) 
2. For any u,v ^ H, a Q H* 

{u V, >c{Ml{a))) = (u-v, Ma(a)) = (a ■ u ■ v, a) = ({a ■ u) Q v, x{a)) = / (a • u) w, ^ a' ® a" \ = 

\ (a) / 

= ^((a • ^i) a' ® a") = ^((a • u),a') ■ («, a") = ^^(w, M:(a')) • («, a") ^Y.^uQv, Ml{a') ® a") = 

(a) (q) (a) (q) 

= / u w, ^ Ma(a') ® a" \ 

\ (a) / 

By Theorem 11.81 this means that the first equality in (|1.39p holds. The rest equalities are proved by 
analogy. □ 

§2 Stein manifolds: rectangles in C(M) and rhombuses in 0*(M) 

Here we discuss some special properties of the space of holomorphic functions on a complex manifold. 
For illustration purposes it is convenient for us to use the condition of holomorphic separability, so we 
formulate our results only for Stein manifolds. We use terminology from [34l l38l fT4| . 
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(a) Stein manifolds 

Let M be a complex manifold. Symbol 0{M) denotes the algebra of all holomorphic functions on M 
(with the usual pointwise algebraic operations and topology of uniform convergence on compact sets in 
M). It is well-known ( see [35]); that as a topological vector space, 0{M) is a Montel space. 
A manifold M is called a Stein manifold 34J, if the following three conditions are fulfilled: 

1) holomorphic separability: for any two points x,y (z M, x ^ y, there exists a function u G 0{M) 
such that 

u(x) 7^ u{y) 

2) holomorphic uniformization: for any point x e M there exist functions Mi, € 0{M), forming 
local coordinates of the manifold M in a neighborhood of x; 

3) holomorphic convexity: for any compact set K (- M its holomorphically convex hull, i.e. a the set 



K = {xeM : Vu e 0{M) \u{x)\ ^ max|u(2;)|} 

yeK 



is a compact set in M. 



The complex space C" and various domains of holomorphy in C" are examples of Stein manifolds. A 
simplest example of a complex manifold which is not a Stein manifold is complex torus, i.e. the quotient 
group of the complex plane C over the lattice Z + iZ. 

(b) Outer envelopes on M and rectangles in 0{M) 

Operations ■ and □. Here we shall spend some time on studying real functions / on a manifold M, 
bounded by 1 from below, 

1, 

i.e. / having range in the interval [l,+oo). Certainly, we shall use record f : M [l;+oo) for such 
functions. As usual, we call a function f : M [1; +00) locally bounded, if for each point x Cz M one can 
find a neighborhood U 3 x such that 

sup |/(y)| < 00 

Since / is bounded by 1 from below, this condition is equivalent to the condition 

sup f{y) < 00 
yeu 

Proposition 2.1. For each locally bounded function f : M [1; +00) the formula 

f' := {u e 0(M) : Vx E M \u{x)\ i^, f{x)} (2.1) 
defines an absolutely convex set of functions /' C 0{AI), containing the identity function: 

le/". 

Proof. The set /' is compact since it is closed and bounded in the Montel space 0{M). □ 
Proposition 2.2. For any bounded set of functions D C 0(M) containing the identity function, 

1 e D, 

the formula 

D°(x) := sup |u(a;)|, xeM (2.2) 
ueD 

defines a continuous real function : Af — > M bounded by 1 from below: 
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Proof. Note from the very beginning that D can be considered as compact. Consider for this its closure 
D. Since D is bounded in a Montel space 0{M), D is compact in 0{AI). The mapping u i-^ (5^(u) — u{x) 
is continuous, so the image of the closure 6^{D) is contained in the closure of image 5^{D) 



S^'iD) C S^iD), 

As a corollary, we obtain the following chain of inequalities: 



Therefore, 



sup |A| ^ sup |A| ^ sup |A| = sup |A| 

\eS-{D) \e5-(D) Ae^^^D) Ae5-(_D) 



sup |A| = sup |A| 



and the functions Tf^ and D^ coincide: 

'^(x) = sup = sup_ |A| = sup |A| = sup = D°{x) 

ueD xeS^iD) xeS^(D) ueD 

Thus it is sufhcient to consider the case when D is compact. Let us take an arbitrary compact set 
K C M and consider the space C{K) of continuous functions on K (with the usual topology of uniform 
convergence on K). The restriction mapping u G 0{M) i-^ u\k G C{K) is continuous from 0{Ad) into 
C{K), so the image D\k of a compact D in 0{M) must be compact in C{K). Hence, by the Arcela 
theorem D\k, is pointwise bounded and equicontinuous on K. Therefore the function 

D°{x) -.^ svlp\u{x)\, xGK 
ueD 

is continuous on K. This is true for every compact set if in M, so we obtain that D^ is continuous on 
M. □ 



Properties of operations ■ and □: 

/s;.9 ^ /'Cg', DCE ^ D°^E° (2.3) 

if'f ^f, DC (D^)' (2.4) 

((/■)°)' = /', ((2?°)")° - (2.5) 

Proof. Properties (|2.3p and (|2.4p are evident, and (j2.5p follows from them: 

=^ (apply the operation ■) =^ ((/■)°)' C /' 1 
D C (dD)' =^ (substitution: £>-/■) =^ /' C ((Z^^)'/ ^^'^ ' ' ^ 

DC{D°)' =^ (apply the operation □) =^ ((i?°)')°\ ^ ((D°)')° = 

□ 



(/■)D / =^ (substitution: f ^ D°) =^ ((£'°)')° 
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Outer envelopes on M. Let us introduce the following notations: 

j-Wn ._ ^jM^D jjDU _ pD^I (2.6) 

Then (ESI), (HH), and dm imply 

f'° s$ /, DC D°' (2.7) 

f =^ .f'°^ g'°, DCE =^ D°* C E°* (2.8) 

(/■D)"D = /"D {D°')°' = (2.9) 

Let us call a locally bounded function g : M [1. +oo), 

— an outer envelope for a hounded set D C 0{M), 1 e D, if 

— an outer envelope for a locally bounded function f : M [1; +cxd), if 

— an outer envelope on M, if it satisfies the following equivalent conditions: 

(i) g is an outer envelope for some bounded set D C 0(M), 1 E D, 

9 = D° 

(ii) g is an outer envelope for some locally bounded function / : Af — > [1; +oo), 

9-r 

(iii) g is an outer envelope for some for itself: 

9'° = 9 

Proof. The equivalence of conditions (i), (ii), (iii) requires some comments. 

(i) =4> {ii). If g is an outer envelope for some bounded set D, i.e. g — D^, then g = = (12. 5p = 
((Z?^)')^ = (I?^)'^, i.e. g is an outer envelope for the function / = D^. 

{ii) =4> {iii). If g is an outer envelope for some function /, i.e. g — /'^, then g*^ — (/'^)'^ = (|2.9p = 
/'^ = i.e. g is an outer envelope for itself. 

{iii) (i). If g is an outer envelope for itself, i.e. g — 5'^ = (ff')^j then we put D = g', and after 
that g becomes an outer envelope for D: g ^ D^. □ 

Properties of outer envelopes: 

(i) Every outer envelope g on M is a continuous (positive) function on M. 

(ii) For any locally bounded function f : M [l;+oo) its outer envelope /'^ is the greatest outer 
envelope on M , majorized by f : 

(a) /'^ is an outer envelope on M , majorized by f : 

f'°^f 

(b) if g is another outer envelope on M, majorized by f , 

9^f 

then g is majorized by f*'^: 

9^r 
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Rectangles in 0{M). We call a set £; C 0{M), 1 G E, 

— a rectangle, generated by a locally bounded function f : M ^ [1; +oo), if 

E = f* 

— a rectangle, generated by a bounded set D C 0{M), 1 G D, if 

E = D°* 

— a rectangle in 0{M), if the following equivalent conditions hold: 

(i) is a rectangle, generated by some locally bounded function f : M ^ [1; +oo) 

E = /■ 

(ii) -E is a rectangle, generated by some bounded set D C 0{M), 1 £ D, 



(iii) is a rectangle, generated by itself: 



E = D'' 



E = E^* 



Proof. The equivalence of conditions (i), (ii), (iii) is proved in the same way as in the case of outer 
envelopes. □ 

Properties of rectangles: 

(i) Every rectangle E in 0{M) is an absolutely convex compact set in 0{M). 

(ii) For any bounded set D C 0{M) the rectangle D^* is the smallest rectangle in 0{M), containing 
D: 



(a) D^' is a rectangle in 0{M), containing D: 



DCD°* 



(b) if E is another rectangle in 0{M), containing D, 

DCE, 

then E contains D^*: 

D°* C E 

(iii) The rectangles in 0{M) form a fundamental system of compact sets in 0{M): every compact set 
D in 0{M) is contained in some rectangle. 

Theorem 2.1. The formulas 

D = f', f = D^ (2.10) 

establish a bisection between outer envelopes f on M and rectangles D in 0{M). 

Proof. By definition of outer envelopes and rectangles, the operations f ^ f* and D ^ D^ turn outer 

envelopes into rectangles and rectangles into outer envelopes. Moreover, these operations are mutually 
inverse on those two classes - if / is an outer envelope, then = /, i.e. the composition of the operations 
■ and □ gives back to the initial function: 

/ ^ /■ ^ /'^ = / 

Just like this the composition of the operations □ and ■ returns to the set D, if initially it was chosen as 
a rectangle: 



D'^^ D^* = D 



□ 
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(c) Lemma on polcirs 

Recall that polar of a set A in a locally convex space X is the set A° of linear continuous functional 
f :X ^C, bounded by 1 on A: 

A° = {feX*: sup|/(a;)Kl} 

If X is a stereotype space and A a subset in the dual space X*, then because of the equality {X*)* = X 
it is convenient to consider the polar A° C {X*)* as a subset in X. We denote this set by °A (and again 
call it polar of A): 

°A = {x€X: sup \f{x)\ < 1} 

An important observation for us is that if ^ C X*, and we take its polar °A, and after that "the polar 

of the polar" {°A)° this set is called bipolar of A - then it turns out that {°A)° is exactly the closed 
absolutely convex hull of the set A in X* (i.e. the closure of the set of linear combinations of the form 
■ «i. where Ui e A, XlILi l^il < 1): 



(°A)° = absconvA (2.11) 

That is the essence the classical theorem on bipolar as applied to stereotype spaces. 

In the special case when A = D is a set in ©(M), its polar D° is the set of analytical functionals 
a e 0*{M), bounded by 1 on £): 

D° = {a€ 0*{M) : sup \a{u)\ < 1} 
ueD 

On the contrary, if A is a set of analytical functionals, A C 0*{M), then its polar °A in 0{M) is the set 
of functions u G 0{M) on which all the functionals a £ A are bounded by 1: 

°A = {ue 0{M) : sup \a{u)\ < 1} 

Lemma 2.1 (on polars). The passage to polars possesses the following properties. 

(a) For every bounded set D in 0{M) containing the unit, its outer envelope is connected with its 
polar D° through the identity 

^ max{A>0: X-S'^eD"} (2.12) 



D°{x 

(b) For any locally bounded Junction f : M ^ [l;+oo) the rectangle /' is the polar of functionals 

(c) The polar of the rectangle /' is an absolutely convex hull of functionals ■ 

(/■)° =absconv|-^-(J^; x € (2.14) 

Proof, (a) For A > we have: 

X.S^gD° <^ sup |A • <5^(u)| < 1 <^ £)°(a;) = sup |(5^(u)| < ^ <^ A < ^ 



A " D°{x) 
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(b) is a reformulation of the definition of / : 



sup 



(c) follows from (b) and from the theorem on bipolar: 



□ 



(d) Inner envelopes on M and rhombuses in 0*{M) 

In this subsection we shall study closed absolutely convex neighborhoods of zero A in O* (Af ) , satisfying 
the following two equivalent conditions: 

(A) the polar °A of A contains the unit 1 G 0{M): 

1 e °A (2.15) 

(B) the value of all functionals a (z A on the unit 1 G 0{M) does not exceed 1: 

Va G Z\ |a(l)| ^ 1 (2.16) 

These conditions imply another one (which is not, however, equivalent to (A) and (B)): 

(C) a functional of the form X ■ 5^ , where A > 0, can belong to A only if X ^ I: 

Vx G M VA > (a • (5^ G Z\ =^ A ^ l) . (2.17) 

Proof If A • (5^ G /I, then Vu G °Z\ | A • (5^^ (u) K 1. In particular, for u = 1 we have | A • (5^' (1) | = A • 1 sC 1, 
i.e. A ^ 1. □ 

We say that a function (p : M ^ (0, +oo) is locally separated from zero, if for each point x (z M there 
exists a neighborhood U 3 x such that 

inf ifiy) > 
yeu 

Operations ^ and O- 

Proposition 2.3. // a function ip : M ^ (0, 1] is locally separated from zero, then the formula 

(fi* := absconv{(p(x) • 5"^; x G A/} (2.18) 

defines an absolutely convex neighborhood of zero in the space of analytical functionals 0*{AI), satisfying 
(l2T5D - ((2T7ll . 

Proof. The function f{x) = is locally bounded and has values in [l;+oo). Hence, by Lemma \2A[ 

(/■)° = (ETl = absconv | ^— • 5^; x G m\ = absconv {(^(x) -(5^; x e M} 

[fix) J 

This set is a closed absolutely convex neighborhood of zero in 0*{M), since it is the polar of the com- 
pact set /' in 0{AI). Besides this, since / ^ 1, the compact set /' contains the unit, so its polar 
absconv {iy9(x) ■ S'^; x G M} satisfies conditions (A),(B),(C) on page[43l □ 
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Proposition 2.4. For any closed absolutely convex neighborhood of zero A in the space of analytical 
functionals 0*{M), satisfying (j2.15p - (|2.16p the formula 

A^{x) sup{A > : A • (5^ e Z\} (2.19) 

defines a continuous and locally separated from zero function A'^ : M ^ (0; 1]. 

Proof. Since Z\ is a neigliborhood of zero in C'*(M), its polar D ^ °A is a. compact in 0*{M), and from 
(j2.15p we have 1 e -D. By Proposition 12.21 the outer envelope of this compact set is continuous and 
locally bounded. Hence, the function 

A^{x) := sup{A > : A • (5^ G Z\ = L*"} = (j^T^ ^ 



is continuous and locally separated from zero. □ 
The following properties are proved similarly with (|2.3p . (|2.4p and (j2.5p . 

Properties of the operations ^ and o: 

< c V*, A (z r =^ a'^ ^ r'^ (2.20) 

(zi«)»CZ\ (2.21) 

((^♦)0)* = (pr ((Z\0)*)0 = Z\« (2.22) 

Inner envelopes on M. Let us use the following supplementary notations: 

^♦0 := (^♦)0 Z\^» (ziO)» (2.23) 
Formulas (E^l), 1131), ([13]) imply 

(^s^^ =^ (p^o^V**, z\cr =^ zi^*cr<^* (2.24) 

if < Z\** C A (2.25) 

(^♦0)*0 ^ ^♦O (Z\0*)0* = ^0* (2.26) 

Let us call a locally separated from zero function ip : M ^ (0; 1] 

— an inner envelope for an absolutely convex neighborhood of zero A in 0*{M), 1 G °A, if 

— an inner envelope for a locally separated from zero function : M — > (0; 1], if 

— an inner envelope on AI , if it satisfies the following equivalent conditions: 

(i) ip is an inner envelope for some absolutely convex neighborhood of zero A in 0*{M), 1 e °A, 

il)^A^ 
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(ii) tp is an inner envelope for some locally separated from zero function tp : M ^ (0;1]. 

(iii) ip is an inner envelope for itself: 

The equivalence of the conditions (i), (ii), (iii) is proved in the same way as for outer envelopes. 

Properties of the inner envelopes: 

(i) Every inner envelope tp on M is a continuous function on M. 

(ii) For any locally separated from zero function : M ^ (0; 1] its inner envelope <^*^ is the least inner 
envelope on M, majorizing (p: 

(a) ip^^ is an inner envelope on M, majorizing ip: 

(h) if-ip is another inner envelope on M, majorizing (p, 

(f^tp 

then tp majorizes ip^^ : 

ip*^ ^ tp 

Rhombuses in 0*{M) We call a set T C 0*{M), 

— a rhombus, generated by a locally separated from zero function <^ : M — > (0; 1], if 

r = ip* 

— a rhombus, generated by an absolutely convex neighborhood of zero A C C'*(M), 1 e ° A, if 

r = A^* 

— a rhombus in 0*{M), if it satisfies the following equivalent conditions: 

(i) r' is a rhombus, generated by some locally separated from zero function <^ : M — > (0; 1], 

r = (/?♦ 

(ii) 7^ is a rhombus, generated by some absolutely convex neighborhood of zero A C 0*{M), 
1 e °A, 

r = AO* 

(iii) the rhombus generated by F, coincides with F: 

f = fO* 

Proof. The equivalence of conditions (i), (ii), (iii) is proved in the same way as in the case of rectangles. □ 

Properties of rhombuses: 

(i) Every rhombus A in 0*{M) is a closed absolutely convex neighborhood of zero in 0*{M). 
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(ii) For any neighborhood of zero A C 0*{M) the rhombus Z\^* is the greatest rhombus in 0*{M), 
contained in A: 

(a) A^^ is a rhombus in 0*{M), contained in A: 

A^* CA 

(b) if r is another rhombus in 0*{M), contained in A, 

r cA, 

then r is contained in Zi^* ; 

rc z\o* 

(Hi) Rhombuses in 0*{M) form a fundamental system of neighborhoods of zero in 0*{M): every neigh- 
borhood of zero r in 0*{M) contains some rhombus. 



By analogy with Theorem 12.11 one can prove 
Theorem 2.2. The formulas 

A = ip*, (p = A^ (2.27) 

establish a bijection between inner envelopes (f on M and rhombuses A in 0*{M). 

(e) Duality between rectangles and rhombuses 
Lemma 12.11 imphes 

Theorem 2.3. The following equalities hold 

{D°f - , CAf = ^ , (2.29) 

(^D°*y = [D°y*, °(zi^*) = (°^)°', (2.31) 

where f : M [l]+oo) is an arbitrary locally bounded function, (/? : Af — > (0; 1] an arbitrary locally 
separated from zero function, D an arbitrary absolutely convex compact set in 0{M), A an arbitrary 
closed absolutely convex neighborhood of zero in 0*{M). 

Proof. 1. The first formula in (P?^ follows from (EH]): 
After that the substitution / = — gives the second formula: 
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2. The first formula in ((2:29)) follows from (|2A2)) : 

^ ^M^nj&x{\>0: X-S^ eD°} = ^M = iD°)^{x) =^ {D°)^ = ^ 



Then the substitution D = ° A gives the second formula: 

D° = ^ =^ (°zi)° = i = — 

(150)0 =^ V ; ((M)°)0 z\o 

3. Now the first formula in (|2.30p follows from the first formula in (|2.29p and from the first formula 
in ^^TM) by substitution D = f': 

^ = =^ -^ = if'r = msi- (£ 

The second formula in (I2.30p follows from the second formula in (|2.29p and the second formula in (|2.28p 
after the substitution A = ip^: 

i, = C^f ;i,HV))° = (221t = (i)" 

4. The first formula in (|2.3ip follows from the first formula in (|2.29p and from the first formula in 

Finally the second formula in (j2.3ip follows from the second formula in (|2.29p and from the second formula 
in dl^ll): 

□ 

Theorem 12.31 implies two important propositions. 
Theorem 2.4. The passage to the inverse function 

/ = -, ^=7 (2.32) 

establish a bijection between the outer envelopes f and the inner envelopes ip on M . 

ID 



Proof. If if is an inner envelope, then ip^^ = ip, hence ( = (|2.30p = — ^ = ^, i.e. ^ is an outer 

envelope. On the contrary, if / is an outer envelope, then /'^ — /, therefore {^jj — (|2.30p = = j, 
i.e. J is an inner envelope. □ 

Theorem 2.5. The passage to polar 

D^°A, A = D° (2.33) 

establishes a bijection between rectangles D in 0{M) and rhombuses A in 0*{M). 

Proof If Z\ is a rhombus, then Z\<>* = A, hence {°A)°* = ((OT|) = °(Z\<>*) = °A, i.e. °A is a rectangle. 
On the contrary, if Z) is a rectangle, then = D, hence {D°)'^* = (jOTjl = (D'°)° = D°, i.e. D° is a 
rhombus. Since the passage to polar is a bijection between closed absolutely convex sets, it is a bijection 
between rectangles and rhombuses. □ 
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Theorems [IH ^ and E^] imply 
Theorem 2.6. The following equalities hold 

((w) 

where f : M [1; +cx3) is an arbitrary outer envelope, Lp : M ^ (0; 1] an arbitrary inner envelope, D an 
arbitrary rectangle in 0{M), A an arbitrary rhombus in 0*{M). 

Proof. If / is an outer envelope, then by Theorem 12.41 j is an inner envelope, so 

The other formulas are proved by analogy. □ 

§ 3 Stein groups and Hopf algebras connected to them 
(a) Stein groups, linear groups and algebraic groups 

A complex Lie group G is called a Stein group, if G is a Stein manifold [13] • By the Matsushima-Morimoto 
Theorem [211 XIII. 5. 9], for complex groups this is equivalent to the condition of holomorphic separability 
we mentioned at the page 1381 

Vx 7^ y e G 3w G 0{G) u{x) ^ u{y) 

Dimension of a Stein group is its dimension as a complex manifold. 

Special cases of Stein groups are linear complex groups. They are defined as complex Lie groups which 
can be represented as closed complex Lie subgroups in the general linear group GL„(C). In other words, 
a complex group G is linear, if it is isomorphic to some closed complex subgroup H in GL„(C) (i.e. there 
is an isomorphism of groups ip : G H which is at the same time a biholomorphic mapping). 

Even more narrow class are complex affine algebraic groups. These are subgroups H in GL„(C), which 
are at the same time algebraic submanifolds. This means that the group H must be a common set of 
zeroes for some finite set of polynomials ui, ...,Uk on GL„(C) (by polynomial here we can understand a 
polynomial of matrix elements): 

H = {xe GL„(C) : ui{x) = ... = Uk{x) ^ 0} 

If a complex group G is isomorphic to some algebraic group H (i.e. there exists an isomorphism of groups 
if : G H which is at the same time a biholomorphic mapping), then G is also considered an algebraic 
group, since the algebraic operations on G are regular mappings with respect to the structure of algebraic 
manifold inherited from H. 

A Stein group G is called compactly generated, if it has a generating compact set, i.e. a compact set 
K CG such that 

G=|JX", K'' = K ■ . . . ■ K 

n factors 

Let us note some examples. 



□ 1 



= A. 



(2.34) 
(2.35) 



Example 3.1. GompZes forus we have mentioned in § 2 i.e. the quotient group C/(Z + iZ), is an example 
of a complex group, which is not a Stein group. 
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Example 3.2. Every discrete group G is a Stein group (of zero dimension). Compact sets in G are 
nothing more tlian finite sets, licncc G will be compactly generated if and only if it is finitely generated. 
Thus, say, a free group with infinite set of generators can be considered as an example a Stein group 
which is not compactly generated. 

Example 3.3. A discrete group G is algebraic if and only if it is finite. In this case it can be represented 
as a group of transformations of the space C", where n = card G is the number of elements of G. For this 
C" must be represented as the space of functions from G into C: 

Then the imbedding of G into GL(C<^) (the group of a nondegenerate linear transformations of the space 
C*^) is defined by the formula 

(p:G^GL(C°): (p{g){x){h) = x{h ■ g), g,h€G, x€C^ 

Example 3.4. The general linear group GL„(C), i.e. the group of a nondegenerate linear transformations 
of the space C", is an algebraic group (of dimension n^). Certainly, GL„(C) is compactly generated. As 
a corollary, every linear group is compactly generated. 

Example 3.5. The additive group of complex numbers C is a complex algebraic group (of dimension 1), 
since it can be embedded into GL(2,C) by formula 

Example 3.6. The additive group Z of integers is a complex linear group (of dimension 0), since it can 
be embedded into GL(2, C) by the same formula 

But the difference with C is that Z is not algebraic: neither in this embedding into GL„(C), nor in any 
other one, Z is a common set for a family of polynomials (this is a result of the fact that Z is discrete 
and infinite). 

Example 3.7. A multiplicative group of nonzero complex numbers 

=C\{0} 

can be represented as general linear group (of nondegenerate transformations of the space C), 

^ GLi(C), 

Thus is a complex algebraic group (of dimension 1). We call this group complex circle. 
Example 3.8. Consider the action of group C on itself by exponents: 

(^:C^Aut(C), (p{a){x) ^ X ■ 

The semidirect product of C and C with respect to this action, i.e. a group C k C, coinciding with the 
Cartesian product C x C, but endowed with a more complicated multiplication 

(a, x) ■ {b, y) ■.= {a + h,x-e^ + y) 

is a (connected) linear complex group, since it can be embedded into GL3(C) by the homomorphism 

/e° \ 
(a;,a) t— » I a; 1 

\ e"/ 

But C K C is not algebraic, since its center 

Z{<C K C) = {(27rm,0); n G Z} 
is an infinite discrete subgroup (this does not happen with algebraic groups). 
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(b) Hopf algebras 0{G), 0%G), 7^(G'), 7^*(G') 

The Hopf algebras and Cg we were talking about in |§ ]|[c)[ are interesting not so in themselves but 
more as guiding examples for various similar constructions arising in situations when the initial group G 
is endowed with some supplementary structure and functions on G preserve this structure. In particular, 
in [U examples 10.24-10.27] the author noted standard examples of algebras of functions and functionals, 
which are stereotype Hopf algebras. If we add Hopf algebras C*^ and Cg to those examples, we obtain 
the following list: 



class of groups 


algebra of functions 


algebra of functionals 


"pure" groups 


algebra 

of all functions on G 


algebra Cg 

of point charges on G 


algebraic groups 


algebra TZ{G) 

of polynomials on G 


algebra n*{G) 

of currents of degree on G 


Stein groups 


algebra 0{G) 

of holomorphic functions on G 


algebra ©^(G) 
of analytical 
functionals on G 


Lie groups 


algebra £{G) 

of smooth functions on G 


algebra £*{G) 

of distributions on G 


locally compact groups 


algebra C(G) 

of continuous functions on G 


algebra C*(G) 

of Radon measures on G 



In [T] the last four examples were mentioned without proof, so we see fit to explain here why those 
algebras are indeed stereotype Hopf algebras. Stein groups and algebraic groups will be case studies for 
us. 

Hopf algebras 0{G) and 0*{G) on a Stein group G. If G is a Stein group, then the proposition 
that algebra 0(G) of holomorphic functions on G (with the usual topology of uniform convergence on 
compact sets in G) is an injective stereotype Hopf algebra, is proved exactly like this was done for C"-^. 
A significant aspect in those reasonings is the isomorphism of functors connecting Cartesian product of 
groups X with the corresponding tensor products of functional spaces and ® [H Theorem 8.13], 

PG.H 

0{GxH) ^ 0{G)qO{H) = 0{G)®0{H) (3.1) 

- here pg,h is defined by identity analogous to (|1.25p : 

Pg,h(uH«) = wQ-y, MeC'(G), veOiH) (3.2) 

and the function m □ u is again defined by formula p.24p . 

After defining pg,h, the multiplication and comultiplication in 0{G) are defined initially on (or with 
values in) the space 0{GxG) of functions on the Cartesian square Gx G, and then the passage to tensor 
square is carried out with the help of the isomorphism pg,g- 



multiplication: 




^popG,G-0{G)QO{G)^OiG), 


p{v){t) = v{t,t) 


(3.3) 


unit: 


L : 


C-^0{G), 


L{\){t) - A 


(3.4) 


comultiplication: 


>c 


= PG,Gox:0{G)^0{G)QO{G), 


3<(w)(s, t) — u{s ■ t) 


(3.5) 


counit: 


e 


0{G) C, 


e{u) = m(1g) 


(3.6) 


antipode: 


a 


■.0{G)^0{G), 


a{u){t) = M(t"^) 


(3.7) 
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This can be illustrated by the following picture: 



0{G X G) 



> 0{G) 




PG.G 




0{G) 



(3.8) 



0{G)qO{G) 



The fact that this defines an injective stereotype Hopf algebra is proved literally like Theorem 1 1.71 And 
again, like in the case of C^, the Hopf algebra 0{G) becomes a projective Hopf algebra (hence, a rigid 
Hopf algebra in the sense of definition § ]|[b) ) , because of the second equality in (j3.ip . 

Theorem 3.1. For any Stein group G 

— the algebra 0{G) of holomorphic functions on G is a rigid stereotype Hopf algebra with respect to 
algebraic operations, defined by formulas (|3.3p - p.7p ; 

— its dual algebra 0*{G) of analytical functionals on G is a rigid stereotype Hopf algebra with respect 
to the dual algebraic operations. 

If in addition the group G is compactly generated, then 0{G) is a nuclear Hopf-Frechet algebra, and 
0*{G) a nuclear Hopf-Brauner algebra. 



Hopf algebras Tl{G) and TZ*{G) on an afflne algebraic group G. Let G be an affine algebraic 
group, TZ{G) the algebra of polynomials on G (with the strongest locally convex topology). Like in the 
previous cases, the identity 

/9g,h(wHw) = ^te7^(G), v&n{H) 

(again, u □ w is defined by formula (|1.24p ) defines an isomorphism of functors, connecting the Cartesian 
product of groups x and tensor products of functional spaces and ® |lj Theorem 8.16]: 

PG.H 

niGxH) = n{G)QniH) = n{G)®n{H) (3.9) 

Those isomorphisms then define algebraic operations on TZ{G) by formulas, analogous to (|3.3p - (|3.7p . As 
a result wc come to the following 

Theorem 3.2. For any affine algebraic group G 

— the algebra 7?.(G) of polynoimals on G is a rigid stereotype Hopf-Brauner algebra; 

— the dual algebra TZ*{G) of currents of degree on G is an injective stereotype Hopf-Frechet algebra. 



Convolutions in TZ*{G) and 0*{G). For some further calculations it is useful to record the formulas 
defining convolution in the algebras of functionals TZ*{G) and 0*(G). This definition is anticipated by 
formulas for shift, antipode and convolution between a functional and a function: 



{u ■ a){x) :— uia ■ x), 


(a ■ u){x) :— u{x ■ a). 


u £ 0{G),a,xe G 


(3 


{a ■ a){u) a{a ■ u), 


(a • a){u) :~ a{u ■ a). 


aeO*{G),ueO{G),aeG 


(3 


u{x) :— u{x~^), 


a{u) :— a{il), 


aeO*{G),ueO{G),xeG 


(3 


(a * u){x) :— a{x ■ u), 


(u * a){x) :— a{u ■ x) 


a e 0*(G),w e 0{G),xe G 


(3 


Then the convolution of functionals is defined by formula 






a * (3{u) :— a{(3 * ii) 


= d{P * u) = P{a * u) 


a,f]e 0*{G),ue 0{G) 


(3 


In particular, the convolution with the delta-functional is a 


shift: 




5''*l3 = a-P 


13*6'' = (3 -a 


/3e 0*(G),ae G 


(3 
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(c) Examples 

It is useful to illustrate the latter theorems by several examples. For this we choose the main examples 
of Abelian Stein groups - Z, , C - apart from everything else, these examples will be useful below in 
61 and m 



Algebras 0(Z) and 0*(Z). We have already noted in Example 1 3 . 6 1 1 hat the group Z of integers can be 
considered as a complex group (of dimension 0). Since Z is discrete, each function on Z is automatically 
holomorphic, so the algebra ©(Z) formally coincides with the algebra C^, and the algebra C'*(Z) with 
the algebra Cz: 

0(Z) = C^, 0*(Z) = Cz 

As a corollary the structure of these algebras is described by formulas (jl.l9p - (jl.23p : the characteristic 
functions of singletons 

1«M = S ' "^"'^^ meZ, neZ (3.16) 
11, ni — n 

form a basis in the stereotype space ©(Z) = C^, and delta- functionals 

(5'=(w) = u(fc), ueO{Z) 
a dual (algebraic) basis in C'*(Z) — Cz- 



(In, 5'=) = 



0, n^k 

1, n = k 



It is convenient to represent elements of 0{Z) and C'*(Z) in the form of series (which converge in these 
spaces) 

weO(Z)=C^ 4=^ M = ^u(n)-1„, u(n)=(5"(M), (3.17) 

aeC'*(Z)=Cz ^ a = ^a„-5", a„ = a(l„), (3.18) 

where the action of a on u is described by formula 

{u, a) = u(n) ■ Q!„ 

The operations of multiplication in ©(Z) = and in 0*(Z) — Cz are represented by series: 

u-z; = ^u(n)-v(n)-l„, a * /3 = ^ ( ^ a, • /3fc_, | • (5^ (3.19) 



(in the first case this is the coordinate-wise multiplication, and in the second case the multiplication of 
power series). 

Proposition 3.1. The algebra ©(Z) = of functions on Z is a nuclear Hopf-Frechet algebra with the 
topology generated by seminorms 

\\u\\n = J2 NeN. (3.20) 
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and with algebraic operations defined on basis elements Ik by formulas 

I Im, m = n 



„ , l7^*(cx) — >, In (3-21) 

0, m ^ 71 ^ — ' 



(1„) = V lm0ln-m £(1„) = ij' " ^ (3.22) 

'0, n ^ 



a(l„) = (3.23) 



Proposition 3.2. The algebra 0*{7L) — Cz of point charges on 1 is a nuclear Hopf-Brauner algebra with 
the topology generated by seminorms 

ll|a|||r = • K^O) (3-24) 

and algebraic operations defined on basis monomials S'' by formulas 

6''^S^=S''+^ l^(cx)=^° (3.25) 

x{6'')^S'' ®S'' eiz'')^! (3.26) 

a{6'') = S-'' (3.27) 

Proof. It can be not obvious here that seminorms p.24p indeed define the topology in C'*(Z) = Cz- 
The auxiliary statement used here will be also useful for us below in Lemma 16.31 so we formulate it 
separately: □ 

Lemma 3.1. Ifp is a continuous seminorm on 0*(Z), and r„ — p((5"), thenp is majorized by seminorm 
(IXMD .- 

^ ll|a|||r (3-28) 

Proof. 

— — — ||r (3.29) 



VnGZ / nSZ n£Z 



□ 



Algebras 7^(C"=), 7^*(C^), ©(C^), 0*(C^). In Example K7\ we denoted by the multiplicative 
group of nonzero complex numbers: 

:=C\{0}. 

(the multiplication in is the usual multiplication of complex numbers). We call this group complex 
circle. 

The algebra Tl{C^) of polynomials on consists of Laurent polynomials, i.e. of function of the form 



u= } Un- z 



E 

where z" are monomials on C^: 

z"(x):=a;", xeC^, neZ (3.30) 

and almost all u„ G C vanish: 

card{n e Z : u„ ^ 0} < oo 
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And the algebra TZ*{C^) of currents on consists of functional 



fcez 

where Cfe is the functional of finding the fc-th Laurent coefficient: 

a(«) = ^_|^_^^d^ = ^'e-2"'=*«(e2"*)di, ne7e(C><) (3.31) 

and afc e C is an arbitrary sequence. 

Monomials Cfc and z"' act on each other by formula 

so the action of a current a on a polynomial u is described by formula 

{u, a) = y^^Un ■ a-n 

and the operations of multiplication in TZ{C^) and in TZ*{C^) are represented by series as follows: 

u-v = ^ i^Ui- Vn-i\ ■ z"", a* f3 = ^ak- Pk- Ck, (3.33) 

neZ ) feGZ 

(in the first case this is the multiplication of series, and in the second case the coordinate- wise multipli- 
cation). 

Proposition 3.3. The mapping 

u e niC^) ^ {uk] fc e Z} e Cz 

is an isomorphism of nuclear Hopf-Brauner algebras 

7e(C^)^Cz (3.34) 

Proposition 3.4. The algebra TZ{C^) of polynomials on the complex circle is a nuclear Hopf-Frechet 
algebra with the topology generated by seminorms 

lll^*lllr = $]r„-|u„| (r„>0) (3.35) 

nez 

and algebraic operations defined on monomials z^ by formulas 

z''-z' = z''+' l7^(cx)=^° (3.36) 

k{z'') = z^Qz^ e{z'') = 1 (3.37) 

a{z'') = z-^ (3.38) 

Proposition 3.5. The mapping 

a e TV{C^) ^ {ak\ fc e Z} e 
is an isomorphism of nuclear Hopf-Frechet algebras 

n*{C^)^C^ (3.39) 
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Proposition 3.6. The algebra TZ*{C^) of currents on the complex circle is a nuclear Hopf-Frechet 
bra with the topology generated by seminorms 



(TVe N) 



l|a||jv = 

\n\^N 

and algebraic operations defined on basis elements Ck by formulas 



Ck * Ci 



Ci, k^l 
0, k^l 



>^(Cfe) -5I^'®^fc- 
^(Cfe) = Q-k 



TZ* (£•■<) — ^ Cn 

'l, fc = 
0, k^O 



1 



eiCk) 



(3.40) 



(3.41) 



(3.42) 
(3.43) 



As usual, by symbol 0{C^) we denote the algebra of holomorphic functions on the complex circle 

and by 0*{C^) its dual algebra of analytic functionals on C^. 
It is useful to represent the elements of algebras O(C^) and 0*(C^) by series 



nez 



= ^ • Cn, an e C 



(3.44) 



30 VneN |a„KCl"l (a„ = a(z")) 

(3.45) 

Like in the case of Tl{C^) and TZ*{C^), the action of a on m is described by formula 

{u,a) = ^ • an, 



and the operations of multiplication in O(C^) and 0*{C^) can be written as the usual multiplication of 
series in the first case, and a coordinate-wise multiplication in the second case: 



-EE 



Ui ■ u 



(3.46) 



Proposition 3.7. The algebra O(C^) of holomorphic functions on the complex circle is a nuclear 
Hopf-Frechet algebra with the topology generated by seminorms 



pile 



(3.47) 



and algebraic operations defined on monomials by the same formulas (j3.36p - (|3.38p as in the case of 

,0 



x{z^) = z'^ Q z^ 
a{z^)^z-'' 



1 



0(Cx) = ■ 

e{z') = 1 



Proof. Every usual seminorm \u\k = T^&y^xeK |u(a;)|, where is a compact set in C^, is majorized by 
some seminorm ||u||ci namely the one with C = maxj;^/^ max{|a;|, ^}: 



\u\k = max|u(a::)| ~ max 



E' 

Ti6Z 



s;maxV|u„|.|x"K V|7/„|-Cl^ 
xeK ^ ^ 



\u\\c 



nGZ 
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On the contrary, for every number C 1 we can take a compact set K = {t £ C : -^j^ ^ |i| ^ C + 1}, 
and then from the Cauchy formulas for Laurent coefficients 

\un\ ^ \u\k ■ rain I (C + 1)"; \, 1 = \u\k ■ {C + 1)-'"' '"'^ 



we have that ||m||c is majorized by \u\k (with coefficient (C + 1)^): 



□ 



Proposition 3.8. The algebra C'*(C^) of analytical junctionals on the complex circle is a nuclear 
Hopf-Brauner algebra with the topology generated by seminorms 



= sup = Er„- |a„| [ r„ ^ : VC > Er„-Cl"l<oo) 



(3.48) 



and algebraic operations defined on basis elements by the same formulas (j3.4ip - (13.43p as in the case 
o/7^^(C^).■ 



1, fc = 

0, fc ^ 



<^iCk) = C-k 

Proof. For every sequence of nonnegative numbers r„ ^ satisfying the condition 

VC > E ■ < °° (3-"^^) 

nGZ 

the set 

£;^ = {wGO(C'') : VneZ r„} (3.50) 

is compact in 0{C^) since it is closed and is contained in the rectangle where 



f(t) = j2rn-\tr, te 



Hence, Er generates a continuous seminorm a max„££;^ a)| on 0*{C^). But this is exactly the 
seminorm from p.48p : 



max I {u, a) \ = max 



nGZ 



r-n ■ \an\ = \\\a\ 



It remains to verify that seminorms ||| • \ \\r indeed generate the topology of the space C'*(C^). This 
follows from: □ 

Lemma 3.2. If p is a continuous seminorm on 0*{C^), then the family of numbers 

satisfy condition p.49p . and p is majorized by the seminorm \\ \ ■ \ \\r: 

p{a) ^ |||a|||r (3.51) 
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Proof. The set 

D = {ueO{C'') : sup |a(u)|sCl} 

is compact in O(C^) generating the seminorm p: 

p{a) = sup |a(w)| 



Therefore, 



rn = p{Cn) = sup \Cn{u)\ = SUp |u„| 
mG-D mG-D 



For any C > we have: 

oo > sup ||m||c+i = sup V \un\ ■ (C + 1)1"! > sup sup \un\ ■ {C + 1)1"! = sup (r„ • {C + 

a- 

3M >0 Vn e Z r„ ^ 



(C+ 1)1"! 

i.e. r„ indeed satisfy (I3.49p . The formula (|3.5ip is proved by a sequence of inequahties analogous to 

mB- □ 

The chain 7^(C) C 0{C) C 0*{C) C 7^*(C). By symbol 7^(C) we denote the usual algebra of polyno- 
mials on the complex plane C. Let t'' denote the monomial of degree fc G N on C: 

t''{x) := a;^ x € C, fc G N (3.52) 

Every polynomial u G TZ{C) is uniquely represented by the series (with finite number of nonzero terms) 

u^^Uk-t'', Ufc G C : card{fc G N : Ufc 7^ 0} < oo (3.53) 

fceN 

so the monomials form an algebraic basis in the space TZ{C). The multiplication in TZ{C) is the usual 
multiplication of polynomials 



u 

ken \i=o J 

and the topology in 7^(C) is defined as the strongest locally convex topology. This imphcs 
Proposition 3.9. The map-ping 

u G 7^(C) {uk; fc G N} G Cn 
is an isomorphism of topological vector spaces 

7^(C) ^ Cn (3.54) 
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Remark 3.1. We can interpret formula p.54[) as isomorphism of algebras, if the multiplication in Cn is 
defined by the same formula (|1.23p as for algebra Cg of point charges on the group G (defined in § ]|[c) I , 
we should only remember here that the set N is not a group, but a monoid with respect to the additive 
operation used for this purpose. 

On the other hand formula (j3.54[) is not an isomorphism of Hopf algebras, in particular, since Cn is 
not a Hopf algebra at all with respect to the operations defined in § ]|[c) for a; S N the inverse element 
= —X does not exist when a; ^ 0, so the antipode here cannot be defined by equality (|1.27|) . 

Proposition 3.10. The algebra TZ{C) of polynomials on the complex plane C is a nuclear Hopf-Brauner 
algebra with the topology generated by seminorms 

hll. = E'^^-|"'=l' ('^'=^0) (3.55) 

fcGN 

and algebraic operations defined on monomials t^ by formulas 

t''-t'= t^+' ln<c) = t° (3.56) 



i=0 




ait'') = {-I)'' ■ t" (3.58) 

Proof. The algebraic operations which we did not find yet - comultiplication, counit and antipode - are 
computed by formulas p.5p - (|3.7p . For instance, comultiplication: 

Jcit'^){x, y) ^t\x + y)^{x + yf - E f ' ^'"^ ' = E f •) ' ° *^(^' v) 



i=0 



4 



i=0 



□ 



Following the terminology of [T], we call a current of degree 0, or a current on C an arbitrary linear 
functional a : 7?.(C) — > C on the space of polynomials TZ{C) (every such a functional is automatically 
continuous). Formula p.54p implies that every compact set in the space of polynomials TZ{C) is finite- 
dimensional, hence it is contained in a convex hull of a finite set of basis monomials t'^ . Therefore the 
topology of the space TZ*{C) of currents on C (which is formally defined as the topology of uniform 
convergence on compact sets in 7^(C)) can be defined as the topology of convergence on monomials i*^, 
i.e. the topology generated by seminorms 

ii"iu-EI"(^')l' 

where N is an arbitrary finite set in N. 

The functional of taking derivative of the fc-th derivative in the point is a typical example of a 
current: 



u e 7^(C) (3.59) 

x=0 
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By the Taylor theorem, these functionals are connected with the coefficients Uk in the decomposition 
p.53p of a polynomial u E Tl{C) through the formula 

Uk^^-r'^iu) (3.60) 
Therefore the action of a current a € TZ*{C) on a polynomial u G TZ{C) can be written by formula 

a{u) = a ( ^ . ^ ^ . ait") - E r, • ^'N • «(^') = ( E ^ • • ) (") (3.61) 

VfceN / feeN ken ' VfceN ' / 

This means that a is decomposed into a series in terms of r*^ : 

feGN 

We can deduce from this that currents r*^ form a basis in the topological vector spaces TZ* (C) : every func- 
tional a E TZ* (C) can be uniquely represented by a converging in TZ* (C) series p. 621) , where coefficients 
afc G C continuously depend on a G TZ*{<C). 

From (|3.6ip it follows that the action of the current a on a polynomial u is defined by formula 

= E ^ ■ ^''(") • ^ • = ^Uk-ak-k\ 

and the basis currents t*^ act on monomials t*^ by formula 



0, n^k 
nl, n = k ^ 



This means that the system r*^ is not a dual basis for t'': it differs from the dual basis by the coefficients 
kl. However, since Tl*{C) = (this follows from (|3.54p ) and, on the other hand, in any two bases 
are isomorphic fTheorem l0.20p . we have 

Proposition 3.11. The mapping 

a G TZ*{C) ^^ {ak; k e N} e 

is an isomorphism of topological vector spaces: 

7^*(C) ^ C'^ (3.63) 

This isomorphism is not however, an isomorphism of algebras, since the multiplication in TZ*{<C) is 
not coordinate- wise (i.e. not by formula (|1.20p . as it could defined in by analogy with the case of 
but as power series: 



/3 = E (E"fc--/^0 -^^ 

ken \i=o ) 



(3.64) 



This follows from formula (|3.66p below: 



Proposition 3.12. The algebra TZ*{<C) of currents of zero degree on the complex plane C is a nuclear 
Hopf-Frechet algebra with the topology generated by seminorms 



K 



k=0 
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and algebraic operations defined on basis elements t by formulas 



_ k+l 



r'*T'=r'- i^,(Q=T° (3.66) 



I 

i=0 ^ 



a(r*) = (-1)* • t'= (3.68) 

Proof. There are many ways to prove these formulas, for instance, to prove l|3.66p one can use formula 
(|3.57p for comultiplication in TZ{C): 

(r'= * T')(t™) = (t'^ ® T')(>f(t'")) = (ESZl) = (r'= ® r') (j^ ■ t"'-' Q f j = 



1=0 [ 0, m k + 1 j ^ ' ^ 

(on each monomial t™ the action of functionals r'' * r' and t'^^' coincide, hence they coincide themselves) . 

□ 

Let us consider now algebra 0{€.) of entire functions and its dial algebra 0*{C) of analytical function- 
als on complex plane C. Again, let denote the monomial of degree A: e N on C, and r*^ the functional 
of taking fc-th derivative in the point 0: 



e C, ue C(C)) 



2 = 



Then it is convenient to represent elements 0{C) and 0*{C) as (converging in these spaces) series 

oo oo 

ueO{C) ^ u = ^un-t", M„ = — t"(u)€C: VC>0 ^ |it„| • C" < oo (3.69) 

ji=0 ^' ri=0 

aeO*(C) ^ a = ya„-T", a„ = — a(r) e C : 3M, C> Vn e N |a„K M • — 

^ — ' n\ n\ 

n=0 

(3.70) 

The action of an analytical functional a on an entire function u is described by formula 

oo 

{u, a) = ^ u„ • a„ • n! 

n=0 

and the multiplications in 0(C) and in 0*{C) are defined by the same formulas as for the usual power 
series: 

oo / n \ / k \ 

"•" = E E"'-^"- -^"' a*/? = E E"'-/5fe-0-^'' (3.71) 

n=0 \i=0 ) feSN \i=0 / 

Proposition 3.13. The algebra 0(C) of entire functions on complex plane C is a nuclear Hopf-Frechet 
bra with the topology generated by seminorms 

||«||c = El"fe|-C' (C^l) (3-72) 

feSN 
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an. 



d algebraic operations defined on monomials by the same formulas (j3.56p - (l3.58p as for TZ{C): 



nit" Q t^) ^ t''+^ 
k 



a{t'') = {-!)''■ t'' 



ltc(c) 



t" 



1, k^O 
0, k>0 



Proof. The formulas for algebraic operations are proved similarly with the same formulas for TZ{C), so 
it remains only to explain, why the topology is generated by seminorms (j3.72p . This is a subject of 
mathematical folklore (see e.g. |26)): clearly, every usual seminorm \u\k = rnax^g^f where X is a 

compact set in C, is majorized by some seminorm Hullc namely by the one with C = maxz^K \z\'. 



\u\k — max = max 

zeK zeK 



ji=0 



^maxg|u„|.|z"K^|u„|.C" = 



pile 



ri=0 



ji=0 



On the contrary, for every C > we can take a compact set K — {z E C : |z| ^ C + 1}, and then from 
formulas for Cauchy coefficients 

I I \u\k 
I"" I ^ (c + 1)" 

it follows that ||m||c is subordinated to \u\k (with the constant C + 1): 



pile 



n=0 



n=0 



n=0 



c 



C + 1 



= Wk ■ 



= {C+l)-\u\ 



K 



C+1 



□ 



Proposition 3.14. The algebra 0*{'C) of analytical functionals on complex plane C is a nuclear Hopf- 
Brauner algebra with the topology generated by seminorms 



|a|lk = E^'''l"fc|'^' (^fc>0: VC>0 ^rfc-C'^ <oo] 
fesN V ken ) 



(3.73) 



and algebraic operations defined on basis elements by the same formulas p.66p - p.68p as in the case 
ofn*iC): 



J\ _ ^k+l 



fe 



1 ^0 



i=0 ^ ^ 



sir") = 



1, fc = 
0, fc > 



Proof. Here again the formulas for algebraic operations are proved similarly with the case of Tl*{C), so 
we need only to explain, why the topology is generated by seminorms (|3.73p . Note first that for any 
sequence of non-negative numbers ^ 0, satisfying the condition 



the set 



VC > ^rk-C" <oo 
fceN 



(3.74) 



(3.75) 
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is compact in 0{C), since it is closed and is contained in the rectangle where 



fceF 



Hence, Er generates a continuous seminorm a t—f max„g e \ on O* (C) . But this is exactly seminorm 

(1X751) : 



max I (u, a) I = max 



y^rfc • loifcl • kl = \\\a\\\r 



ken 



It remains to verify that the seminorms ||| • \ \\r indeed generate the topology of the space 0*{C^). This 
follows from: □ 

Lemma 3.3. If p is a continuous seminorm on 0*{C), then the numbers rk — -^p{t^) satisfy the 
condition (j3.74p . and p is majorized by the seminorm \ \\ ■ \ \\r: 

p{a) ^ lllalllr (3.76) 

Proof. The set 

D = {ueO{C): sup |a(u)| s$ 1} 

aGO*(C): p(q)^1 



is compact in ©(C) and generates the seminorm p: 



Hence 



For each C > we have: 



p{a) — sup |a(it)| 



Tk = tjP{t^) = 7? sup \t''{u)\ = sup \uk\ 



oo > sup = sup V • (C+ 1)*^ > supsup|ufe| • (C + 1)'= = sup (rk ■ (C + 1)'=) 



3Af > Vfc e N rfe 



M 



(C+l)'= 



fceN 



^ (C + 1)* 



I.e., rk indeed satisfy condition (|3.74p . Formula (|3.76p is proved by the chain of inequalities analogous to 

^M- □ 

Proposition 3.15. The mappings 

t^ ^t^ ^t'' ^ t'= (fc e N) 

define the chain of homomorphisms of rigid Hopf algebras: 

TZ{C) -> 0{C) -> 0*{C) ^ 7^*(C) (3.77) 
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§ 4 Functions of exponential type on a Stein group 

(a) Semicharacters and inverse semicharacters on Stein groups 

Let G be a Stein group. Then 

— a locally bounded function / : G — s- [1, +oo) is called a semicharacter, if it satisfies the following so 
called submuUiplicativity inequality: 

fix-y)^f{x)-f{y), x.yeG (4.1) 

— a function : G — > (0; 1], locally separated from zero, is called inverse semicharacter, if it satisfies 
the inverse inequality: 

Vix) ■ (p{y) ^ (fiix ■ y), x,yeG (4.2) 
Clearly, if / : G — > [1, +oo) is a semicharacter, then the inverse function 

V>ix) = (4.3) 
fix) 

is an inverse semicharacter, and vice versa. 

Properties of semicharacters and inverse semicharacters: 

(i) The set of all semicharacters on G is closed under the following operations: 

— multiplication by a sufficiently big constant: G • / (G ^ 1), 

— multiplication: / • g, 

— addition: f + g, 

— taking maximum: max{/, g}. 

(ii) The set of all inverse semicharacters on G is closed under the following operations: 

— multiplication by a sufficiently small constant: C ■ ip (G 5j 1), 

— multiplication: ip ■ ijj, 

— taking half of harmonic mean: 

— taking minimum: min{(y9, i/)}. 



Proof. Having in mind the duality between semicharacters and inverse semicharacters reflected by formula 
(|4.3|) . we can consider only the case of semicharacters. 
If / is a semicharacter on G and G ^ 1, then 

C-fix-y)^C- fix) ■ fiy) ^ (G • fix)) ■ (G • /(y)) 

If / and g are semicharacters on G, then considering their multiplication we have: 

(/ • g){x ■ y) = fix ■ y) ■ gix ■ y) ^ fix) ■ fiy) ■ gix) ■ giy) = 

= fix) ■ gix) ■ fiy) ■ giy) = (/ • g)ix) ■ if ■ g)iy) 

For their sum we have: 

(/ + 9)ix ■ y) = fix ■ y) + gix ■ y) fix) ■ fiy) + gix) ■ giy) ^ 



fix)-fiy)+9ix)-fiy) + fix)-giy)+gix)-giy) - (/(a;)+g(x)) • (/(y)+g(y)) = if +g)ix)- if +g)iy) 
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The proof for maximum max{/. is based on the foUowing evident inequahty: 
max{a ■ b,c- d} ^ max{a, c} • max{&, d} (a, b,c,d> 0) 

It imphes: 



(4.4) 



max{/, g}{x ■ y) = max{/(a; • y),g{x ■ y)} ^ max{/(a:) • f{y), g{x) ■ g{y)} < (gll) < 

^ max{/(x),5(x)} • ma.x{ f (y), g{y)} = max{/,5}(a;) • ma.x{f,g}{y) 



Example 4.1. All the submultiplicative matrix norms (see [TS]), for instance 



INI= E 



\ 



J2 



□ 



(4.5) 



are semicharacters on GL„(C). From the properties of semicharacters it follows that the function of the 
form 

r^(x) =C-max{||x||;||x-i||}^, C^l,NeN (4.6) 
are again semicharacters on GL„(C). 

Proposition 4.1. For any submultiplicative matrix norm || • || on GL„(C) the semicharacters of the form 
(|4.6p majorize all other semicharacters on GL„(C). 

Proof. Note from the very beginning that it is sufficient to consider the case when 1 1 • 1 1 is the Euclid norm 
on the algebra M„(C) of all complex matrices n x n: 



\x\\= sup \\x{0\\, where ||C|| 
«eC":||?|Ki 



2 

1 1 J 



- since any other norm on M„(C) majorizes the Euclid seminorm up to a constant multiplier, this will 
prove our proposition. 
Consider the set 

K:={x& GU(C) : max{| |x| |; | Ix'^ 1 1} ^ 2} - {x e GU(C) : G C" y m\ ^ ||x(e)|| 2 • ||e||} 

It is closed and bounded in the algebra of matrices M„(C), hence it is compact. This is a generating 
compact in GL„(C) 



GU(C) = y i^", K'^^K-...-K, 



m factors 



(4.7) 
(4.8) 



In addition, 

if" = {a; e GU(C) : ui&yi{\\x\\;\\x~^\\}"' ^ 2"} 
Indeed, if a; G if™, then x — xi ■ ... ■ Xm, where \\xi\\ ^ 2 and ^ 2, hence 

m m 

M^l[\\x,\\^2"^, lk-'IKniK"'IK2" 

i=l 1=1 

On the contrary, suppose max{||a;||™; ^ 2"\ Consider the polar decomposition: x — r ■ u, 

where r is a positive definite Hermitian, and u a unitary matrices. Let us decompose r into a product 
r = V ■ d ■ v~^, where v is unitary, and d a diagonal matrices: 



d^^0 





{di 


. 


■ '\ 


d^ 





d2 . 


. 




[o 


. 


■ d„J 
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Vd^ ... 














has the following properties: 



max di — 

2— l,...,n 



max d-' = \\d-'\ 

2=1,. ..,n 

As a corollary, the matrix 
belongs to K: 



= l|r|| = ||a;|U2^ 



max "ydi ^ 2, 

i—l... . ,n 



max T / i ""^ ^ 2 

2— 1,. . . ,n 



^ 2 



max{||y||;||2/-i||} = max{|| Vd" 
Hence the matrix y ■ u also belongs to K, and we obtain 

X — V ■ d ■ v^^ ■ u — V ■ { \/d)"^^^ ■ ■ V ■ { Vd) • ■ u = y 



> yeK 



m m 
if'-- 1 K 



We have proved formula (j4.8p . Now let / be an arbitrary semicharacter on GL„(C). Put 



C=sup/(a;), N^log^C 



and let us show that 



Take x E GL„(C). From gT]) it follows that a; G -ftT™ \ K"'-^ for some m G N. By formula 



2™-i<max|||x||;||x-i|||^2'^ 



(4.9) 
we have: 



m — 1 < 



log2 ( 



max{||a;||; ||a; 



4 



f{x) s; sup /(y)" < C" =^ C • C™-i < C • C 



log, ^ max{||a:||;| |x "'H}^ 

C-(max{|N|;||x-i||})'°''''«;C- (max{|M|;||x-i| 



TV 



□ 



In the special case when n = 1 we have: 
Corollary 4.1. On the complex circle the semicharacters of the form 

r^{t) = C ■ m'dx{\t\; \t\-'^}'^ , C > 1, TV € N 
majorize all other semicharacters. 
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Proposition 4.2. If G is a compactly generated Stein group and K a compact neighborhood of identity 
in G, generating G, 

oo 

G = y K'\ K" = K ■ . . . ■ K , 

n factors 

then for any C ^ 1 the rule 

hc{x)^C'' ^ xcK''\K''-^ (4.10) 

defines a semicharacter he on G. Such semicharacters form a fundamental system among all semichar- 
acters on G: every semicharacter f on G is majorized by some semicharacter he 

f{x) =^ hc{x), xeG, 

- for this the constant C should be chosen such that 

G ^ max f{t) (4.11) 

Proof. The local boundedness of he is obvious, so we need to check the submultiplicativity inequality. 
Take x,y € G and choose fc, ^ S N such that 

X K''\K''~^, yeK^\K^~\ 

Then x-yG K''+\ so 

hc{x ■ y) ^ = C^- • = hc{x) ■ hc{y) 
If now / is an arbitrary semicharacter, and C satisfies the condition (|4.1ip . then 

X e K'''\K'''-^ =^ f{x) (^ma.xf{t)y ^C"' ^hc{x) 

□ 

(b) Submultiplicative rhombuses and dually submultiplicative rectangles 

Let us introduce the following definitions: 

— a closed absolutely convex neighborhood of zero A in 0*{G) is said to be submultiplicative, if for 
any functionals a, /3 from A their convolution a * /? also belong to A: 

Wa,P e A a* f3 e A 

shortly this is expressed by the following inclusion: 

A* AC A 

— an absolutely closed compact set D in 0{G) is said to be dually submultiplicative, if its polar D° is 
a submultiplicative neighborhood of zero: 

D° *D° C D° 

Lemma 4.1. 

(a) If if : G (0; 1] is an inverse semicharacter on G, then its rhombus tp^ is a (closed, absolutely 
convex, and) submultiplicative neighborhood of zero in 0*{G). 

(b) If A Q 0*{G) is a closed absolutely convex and submultiplicative neighborhood of zero in 0*{G), 
then its inner envelope is an inverse semicharacter on G. 
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Proof. 1. Let us denote 

= ^{x) ■ 5^ e 0*{G), 

then 

(f* ^ abscorw/ {ip{x) ■ S"" ; x G M} = absconv {e^; x e M} (4-12) 

and the inclusion 

is verified in three steps. First we should note that 

yx,y e G £x*ey & LP* 

Indeed, 

^ V ' 

/A 
1 

Second, we take finite absolutely convex combinations of functionals Ex- 

k I Ik I 

a = Y.^^-^--^ P^Y.^'o■^y. El^'l^^l' El^^l^l] (4.13) 

i=l j=l yi=l j=l 

For them we have: 

fc I 

i=l 3 = 1 l^i^fc.l^i^i ' ^ ' 

I absolutely 

1^. -Mil convex 
i set 

II ip* 

/A 
1 

And, third, for arbitrary a, /3 e (ys* the inclusion a * /3 G (p* becomes a corollary of two facts: that func- 
tionals (|4.13p are dense in the set = absconvjej;; x G M}, and that the convolution * is continuous. 
2. We use here formula (|2.19p : 

A^AQA =^ \fx,yeG {x) ■ S"" * [y] ■ ^ (x) ■ (y) ■ S^'-y e A =^ 

^ ^ ' V ' 

m m 
A A, 

by itwl by dltigl 

=^ Z\*(x)-Z\0(y) ^ max{A > : A-(5^-^ e Z\} (EUD = ziO(a;-t/) =^ ziO(a;)-Z\*(y) «C Z\0(a;-y) 

□ 

Lemma 4.2. 

('aj If f : G ^ [l;oo) *s a semicharacter on G, then its rectangle /' is dually submultiplicative. 

(h) If D Q 0{G) is a dually submultiplicative absolutely convex compacts set, then its outer envelope 
is a semicharacter on G. 
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Proof. 1. If/iG— !-[l;cx))]isa semicharacter, then j is an inverse semicharacter, therefore by Lemma 
14.11 (a) the rhombus 

(j) =mB = if'r 

is a submuhiphcative neighborhood of zero. This means that /' is duaUy submultiphcative. 

2. If D C 0{G) is a dually submultiphcative absolutely convex compact set, then its polar D° C 0*{G) 
is a submultiphcative neighborhood of zero in 0*{G), hence by Lemma |4. II (h) the inner envelope 

is an inverse semicharacter. Therefore, must be a semicharacter. □ 

Lemmas 14.11 and 14.21 together with formulas A = Z\^* and D = D^* for rhombuses and rectangles 
give the following 

Theorem 4.1. 

(a) A rhombus A in 0*{G) is suhmultiplicative if and only if its inner envelope is an inverse 
semicharacter on G. 

(h) A rectangle D in 0{G) is dually suhmultiplicative if and only if its outer envelope is a semichar- 
acter on G. 

The following result shows that the submultiphcative rhombuses form a fundamental system among 
all submultiphcative closed absolutely convex neighborhood of zero in O* (G) : 

Theorem 4.2. 

(a) Every closed absolutely convex neighborhood of zero A in 0*{G) contains some submultiphcative 
rhombus, namely Z\^*. 

(b) Every dually submultiphcative absolutely convex compact set D in 0{G) is contained in some dually 
submultiphcative rectangle, namely in Z?^'. 

Proof. 1. If Z\ is a closed absolutely convex neighborhood of zero in 0*{G), then by Lemma HTTbl. A^ 
is an inverse semicharacter, hence by Lemma |4. If a), the rhombus A^^ is submultiphcative. 

2. If D is a dually submultiphcative absolutely convex compact set in 0{G), then its polar D° 
is a closed absolutely convex submultiphcative neighborhood of zero in 0*{G), and by what we have 
already proved (_D°)^* is a submultiphcative rhombus. I.e. the set (Z?^')° = {D°)^^ is submultiphcative. 
Therefore the rectangle D^' is dually submultiphcative. □ 

In accordance with the dehnitions of |§ 2[ we call a function / on G an enveloping semicharacter, if it 
is an outer envelope and at the same time a semicharacter on G. 

Theorem 4.3. If G is a compactly generated Stein group, then the systems of all semicharacters, all 
enveloping semicharacters and all dual submultiphcative rectangles in G contain countable cofinal subsys- 
tems: 

- there exists a sequence hjy of semicharacters on G such that every semicharacter g is majorized by 
some semicharacter hjq- 

g{x) ^ hi^{x), X e G 

- there exists a sequence fjq of enveloping semicharacters on G such that every enveloping semichar- 
acter g is majorized by some semicharacter fpj: 

g{x) ^ fN{x), X eG 
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- there exists a sequence En of dually submupltiplicative rectangles in G such that every dually sub- 
multiplicative rectangle D in G is contained in some E^: 

DC En 

Proof. This follows from Proposition 14.21 the semicharacters hjN, N e N, defined in (|4.10p . are the 
sequence we look for. The sequences En and /at are defined as follows: 

EN = {ueO{G): max |w(a;)| sC iV"} = (/ijv)' (4.14) 

fN = iEN)° = ihN)'° (4.15) 

{En are dually submultiplicative rectangles by Lemma l4.2r a'). and /jv are enveloping semicharacters by 
Lemma |l?Hb)). 

If now D is a dually submultiplicative rectangle, then by Lemma [4.2f bl. its outer envelope is a 
semicharacter, hence by Proposition [421 there is iV e N such that 

D° ^ Hn 

This means that D is contained in some En- 

D = {D°)' C {hN)' = En 

This in its turn implies that 

{EnT = fN, 

- so every enveloping semicharacter (always being of the form by Theorem [JT]) is majorized by some 

fN- □ 

(c) Holomorphic functions of exponential type 

Algebra Oexp(G) of holomorphic functions of exponential type. A holomorphic function u E 
0{G) on a compactly generated Stein group G we call a function of exponential type, if it is bounded by 
some semicharacter: 

\u[x)\^f(x), xeG (/(x • y) < /(x) • /(y)) 

The set of all holomorphic functions of exponential type on G is denoted by C'exp(G). It is a subspace 
in 0{G) and, by Theorem 14.21 C'exp(G) can be considered as the union of all dually submultiplicative 
rectangles in 0{G)-- 

Oe.,{G)= U ^= U /■ 

Z) is a dually / is a semicharacter in G 

submultiplicative 
rectangle in 0{G) 

or, what is the same, the union of all subspaces of the form C-D, where _D is a dually submultiplicative 
rectangle in 0{G): 

axp(G)= y CD (4.16) 

D is a dually 
submultiplicative 
rectangle in 0(G) 

This equality allows to endow Oexp{G) with the natural topology - the topology of injective (locally 
convex) limit of Smith spaces C-D: 

Oexp{G) = Imi CD (4.17) 

is a dually 
submultiplicative 
rectangle in 0{G) 
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From Theorem 14.31 it follows that in this limit the system of all dually submultiplicative rectangles can 
be repalced by some countable subsystem: 

Cexp(G) = lim CEn (4.18) 
Together with Theorem 10.61 this gives the following fact. 

Theorem 4.4. The space Oexp{G) of the functions of exponential growth on a compactly generated Stein 
group G is a Brauner space. 

Corollary 4.2. If G is a compactly generated Stein group, then every hounded set D in C'exp(G) is 

contained in some rectangle of the form where f is some semicharacter on G: 

DCf' 

Proof. By Proposition 10. 1[ D is contained in one of the compact sets E^. This set, being a dually 
submultiplicative rectangle, by Theorem 14.11 has the form ffj for some semicharacter /^r, namely for 

/at = Ejy. □ 

Theorem 4.5. The space Oexp{G) of the functions of exponential growth on a compactly generated Stein 
group G is a projective stereotype algebra with respect to usual pointwise multiplication of functions. 

Proof. Note that if two functions u,v £ 0{G) are bounded by semicharacters / and g, then their multi- 
plication M • w is bounded by the semicharacter / • g: 

f', veg' =^ u-ve{f-g)' 

In other words, the multiplication {u,v) u ■ v in the space 0{G) turns any compact of the form /' x g* 
(where / and g are semicharacters) into the rectangle (/ • g)*. 

{u,v)ef'xg' u-ve{f-g)' 

Since this operation is continuous in 0{G), it turns /' x g* into (/ • g)' continuously. On the other hand, 
if ■ g)*, being a dually submultiplicative rectangle, is continuously included into the space C'exp(G). Thus 
we obtain a continuous mapping 

(w, U) e /■ X ^ U-V e Oexp(G) 

If now D and E are arbitrary compact sets in the Brauner space Oexp(G), then by CoroUarv 14.21 they 
are contained in some compact sets of the form /' and g*, where / and g are semicharacters. Hence, 

Dx E<Z f* X f* 

From this we can conclude that the operation of multiplication is continuous from D x E into C'exp(G): 

{u,v) e D X E C f* X g* ^ u-v e Oexp(G) 

This is true for arbitrary compact sets D and E in C'exp(G). So we can apply [2 Theorem 5.24]: since 
Cexp(G), being a Brauner space, is co-complete (i.e. its stereotype dual space is complete), by pLi Theorem 
2.4] it is saturated. This implies that any bilinear form on C'exp(G), if continuous on compact sets of 
the form D x E, will be continuous Oexp(G) in the sense of definition 1, § 5.6]. Being applied to the 
operation (u, w) i— > u-v this means that the multiplication is continuous in the sense of conditions of 
Proposition ll.il Hence, Oexp(G) is a projective stereotype algebra. □ 

Let us note the following obvious fact: 

Theorem 4.6. If H is a closed subgroup in a Stein group G, then the restriction of any holomorphic 
function of exponential type on G to H is a holomorphic function of exponential type: 

Meaxp(G) =^ u\HeOe.p{H) (4.19) 
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Algebra 0^^p{G) of exponential analytic functionals. We shall call the elements of the dual stereo- 
type space 0*^p{G), i.e. linear continuous functionals on Oexp(G) exponential analytic functionals on the 
group G. The space 0*^p{G) is called the space of exponential analytic functionals on G. 
From Theorem 14.41 we have 



Theorem 4.7. The space Oexp(G) of exponential functionals on a compactly generated Stein group G is 
a Frechet space. 

Theorem 4.8. The space 0*^p{G) of exponential functionals on a compactly generated Stein group G 
is a projective stereotype algebra with respect to usual convolution of functionals defined by Formulas 
((3T0D - (ITT4ll ; 

(a,/3) a*f3 

Proof. 1. Take a function u E Oexp{G) and note that for any point s G G its shift u ■ s (defined by (|3.10p ) 
is again a function from C'exp(G): 

V.seG VMeaxp(G) u-sGOexp(G) 

Indeed, if we take a semicharacter / majorizing u, we obtain: 

ytEG \{u-s){t)\^ \u{s ■ t)\ < f{s ■ t) < /(s) • fit) 

i.e., 

uef* =^ (4.20) 

2. Let us denote the mapping s i— > m • s by u, 

u : G Oexp(G) u{s):=u-s, seG 

and show that it is continuous. Let Si be a sequence of points in G, tending to a point s: 

G 

Si — > s 

i — *oo 

Then the sequence of holomorphic functions u{si) € 0{G) tends to the holomorphic function u{s) £ 0{G) 
uniformly on every compact set K QG, i.e. in the space 0{G): 

0(G) 

u{si) — > m(s) 

i — *oo 

At the same time, from (|4.20p it follows that all those functions arc bounded by the semicharacter C ■ /, 
where G = maxjsupj f{si), f{s)} (this value is finite since the sequence Si with its limit s forms a compact 
set), so it lies in the rectangle generated by the semicharacter G • /: 

u{si) = u ■ Si £ G ■ u(s) — u ■ s C ■ f* 

In other words, u{si) tends to u{s) in the compact set G • /' 

u{si) = u ■ Si ^^-^ u ■ s — u{s) 

i — *oo 

Hence, u{si) tends to u{s) in the space Oexp(G): 

U(Si) — > u{s) 

i — >oo 

3. The continuity of the mapping u : G C'exp(G) implies that for any functional jS G C'exp(G') 
the function /? o u : G ^ C is holomorphic. We can use the Morera theorem to prove this: consider a 
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closed oriented hypersurface F in G with a sufficiently small diameter so that integral over F of every 
holomorphic function vanishes, and show that the integral of /3 o u also vanishes: 

(/3ou)(s)ds = (4.21) 

Indeed, take a net of functionals {Pi; i — > oo} C 0*^p{G) approximating /? in 0*^p{G), and having a form 
of linear combinations of delta-functionals: 

^ — ' I — *oo 

Then we obtain the following: since u : G ^ Oexp{G) is continuous, 

p o u < Pi o u 

oo^ — i 

From this it follows that for any Radon measure a £ C{G) 

a{P o u) < — a{(3i o u) 

oo< — i 

In particular for the functional of integration over the hypersurface F we have 



(/3 o u){s) d s < — / (A o u){s) d s = 
r J r 



= 5]Af . /^2(s)(af)ds = ^A,^. fuis-a^)ds =0 
Jr u Jr 



0, 

since u is holomorphic 

So indeed ([QT]) is true. 

4. We have showed that for any functional /3 G 0*^p{G) the function /3 o u : G ^ C is holomorphic. 
Let us show now that this function is of exponential type: 

Vueaxp(G) V/3ea%(G) (3ou£Oe.p{G) (4.22) 

Indeed, since the functional /3 € C'*xp(G) is bounded on the compact set /' C C'exp(G), it is a bounded 
functional on the Banach representation of the Smith space C/', i.e. the following inequality holds: 

VveCf' \(3{v)\^M -M^, (4.23) 

where 

M= ||/3|L^.,,„ :=max|/3(w)|, := inf{A > : v e X ■ f'} 

Now from formula (|4.20|) we have 

VseG u-sef{s)-f' =^ llifsll^, :=inf{A>0: wsG A-/'}s^/(s) =^ 

=^ |(/3 o u){s)\ = \P{u ■s)\^M-\\u- sc: M • /(s) 

So the function (3 ou is bounded by the semicharacter M ■ f = ||/?||yi^o • /: 

uef' =^ /3oue ||/3||(^,)„ •/■ (4.24) 
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5. Now let us note that 

{Pou)is) = /3{u- s) ^ (I3l3l) = (u*/3)(s), sG G 

In other words, we proved that the function u * f3 = /3 o u belongs to the space C'exp(G'), so for any 
functional a G 0*^p{G) the convolution 

a * /3(w) = ((3l4l) = a(u * /3) 

is defined. It remains to verify that the operation (a, /?) i-^- a*/? is a continuous bilinear form, i.e. satisfies 
the conditions (i) and (ii) of Proposition [TTT] 

Let ai be a net tending to zero in C'exp(G), and B a compact set in 0*^p{G). Let us consider an 
arbitrary compact set D in Oexp{G). By CoroUarv 14.21 it must be contained in a rectangle /', where / 
is a semicharacter: 

DCf' 

On the other hand, on the Smith space C/' the norms of functionals f3 £ B are bounded: 

sup ||u|| ,| = M < oo 

So by virtue of (|4.24p we obtain that 

yueD yi3eB = /3ou e ||/3||(^.i)„ • /■ c Af • /■ 

Thus the set {u* (3; u E D, /? G B} is contained in the compact set M ■ /' in the space 0*^p{G). Hence, 
the net of functionals ai tends to zero uniformly on this set: 

c 



{a^*|3){u)=a^{u*(3) ^0 (uE D, /3 e b) 



This is true for any compact set D, so the net ai * [3 tends to zero in the space Cexp(^) uniformly by 
/3 G B: 

g;xp(g) , . 

a,* (3 ^ 1/3 gB] 



We can omit the case of the inverse sequence of multipliers due to the identity 

a* (3 = (3 *a 

□ 

(d) Examples. 



Finite groups. As we have noted in § l^a.) every finite group G, considered as a zero-dimensional 



complex manifold, is a linear complex Lie group on which every function is holomorphic. On the other 
hand, every function m : G — > C is bounded (since its set of values is finite), so u must be a function of 
exponential type. Thus, algebras OexplG) and 0(G) in this case coincide with each other and are equal 
to the algebra C'^ of all functions on G (with the pointwise algebraic operations and the topology of 
pointwise convergence): 

axp(G) = o(G) 



74 



Groups C". For the case of complex plane C our definition, certainly, coincide with the classical one - 
functions of exponential type on C are entire functions u G 0{C) growing not faster than the exponential: 

> : \u{x)\ AI^I {x e C). 

According to the classical theorems on the growth of entire functions [551 133] , this is equivalent to the 
condition that the derivatives of u in a fixed point, say in zero, grow not faster than the exponential: 

3B>0: |u('=)(0)| < S*^ (keN). 

The same is true for several variables: functions of exponential type on C" according to our definition 
will be exactly the functions u g ©(C") satisfying the condition 

3A>Q: \u{x)\ ^ ^1^1 {x £ C"), (4.25) 

which turns out to be equivalent to the condition 

3B>0: |mW(0)KBI'=I (fc G N"), (4.26) 

where the factorial fc! and the modulus |fc| of a multiindex k = (fci,...,/c„) G N" are defined by the 
equalities 

fc! :— fci • ... • fc„, |fc| ki + ... + fc„ 

The equivalence of (|4.25p to our definition follows from Proposition 14.21 and the equivalence between 
(|4.25|) and (j4.26p is proved similarly with the case of one variable: the implication (j4.26p ^ (j4.25p is 
obvious, and the inverse implication (|4.25p ^ (j4.26p is a corollary of the Cauchy inequalities (see \M\ ) 

for the coefficients — of the Taylor series for the function u: 



max\u[x)\ 
Vi?>0 |c,| ^ ,| ^ (II251) < 



Ct ^ mm TTT = TTT 



• (logA)!*^! = — fiTT •BI'^I, B = A^-\ogA 



log A 

M'=)(0)|^fc!.kK^.i3l'=l^i3l'=l 

Groups GL„(C). On the group GL„(C) the functions of exponential type are exactly polynomials, i.e. 
the functions of the form 

«(^)=(^5^, xeGUiC), mGZ+ (4.27) 

where P is a usual polynomial on matrix elements of the matrix x, and deta; is its determinant. Thus, 
the equality holds: 

axp(GU(C)) =7^(GU(C)) (4.28) 

Proof. 1. First, let us prove the inclusion 7?.(GL„(C)) C Oexp(GL„(C)). Note for this that every matrix 
element 

X 1-^ Xk,l 
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is a function of exponential type, since it is bounded by, for instance the first of the matrix norms in 



As a corollary, every polynomial x i— > P{x) of matrix elements is also a function of exponential type (since 
functions of exponential type form an algebra). 

Further, every power of the determinant, x (detx)^™, is multiplicative 

(det(x • y))-™ = (detx)-™ • (detj/)"" 

so its absolute value is also multiplicative: 

|(det(a;-y))-™| = |(detx)-™| • |(dety)-™| 

Therefore, the function x i-^ |(deta;)^™| is a semicharacter on GL„(C), and x i-^ (detx)^™ a function of 
exponential type on GL„(C). 

Now, if we multiply two functions of exponential type x P{x) and x i— > (detx)^™, we obtain a 
function of exponential type x i— > P{x) /{det x)"^ . 

2. Let us prove the inverse inclusion: Oexp(GL„(C)) C 7?.(GL„(C)). If u is a holomorphic function of 
exponential type on GL„(C), then by Proposition 14. II it must be bounded by some semicharacter of the 
form (14. 6p . In particular, for some C ^ 1 and N ^ N 

n 

|u(a:)KC.max{||x||;||x-i||}^, \\x\\ = K.I (4-29) 

» j=i 

The elements of the inverse matrix x^^ are obtained from x as complementary minors, divided by the 
determinant, so we can treat them as polynomials (of degree n — 1) of Xij and (deta;)^^. This means 
that one can estimate the righthand side of (|4.29p by a polynomial (of degree N{n — 1)) of \xij\ and 
I deta;|~^ with nonnegative coefficients: 

|u(a;)KC-max{||x||;||x-i||}^ s;C-p({|a;,,,|}i^,,,^„, Idetxr^) 

Hence if we multiply u by (det x)^'""^^ we obtain a holomorphic function on GL„(C) bounded by a 
polynomial of |a;ij|: 

u{x) ■ (detx)^("-i)| C-Q({|a:,,,|}i^,,,^„) 

Such a function is locally bounded in the points of the analytical set detx — 0, so by the Riemann 
extension theorem (see |31|), it can be extended to a holomorphic function to the manifold M„(C) (of 
all complex matrices). Therefore, we can consider u{x) ■ (det cc)''^*-""^-' as a holomorphic function on 
M„(C) = C" . Since it has a polynomial growth, it must be a polynomial q of matrix elements Xij: 

u{x) ■ (deta;)^("-i) ^ q{x) 

Hence 

u{x) — 



(detx)^("-i)' 

i.e. u e 7^(GU(C)). □ 

Corollary 4.3. On the complex circle the functions of exponential type are exactly the Laurent 
polynomials: 

u{t) = ^ u„ . r, iV e N 

|n|^JV 
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(e) Injection \>g : Cexp(G') ^ 0{G) 

We need to denote the injection of C'exp(G) into 0{G) by some symbol. Let us use for this the symbol 
be: 

be : axp(G) ^ 0{G) (4.30) 

This mapping is always injective, a homomorphism of algebras, and by definition of topology in Osxp{G), 
always continuous. Below in Theorem 14.91 we shall see that if G is a linear group, then be has dense 
image in 0{G). 

From equality (|4.28p and Theorem l4.6l it follows that if G is an arbitrary linear group (with a given rep- 
resentation as a closed subgroup in GL„(C)), then every function G that can be extended to a polynomial 
on GL„(C), is a function of exponential type. Thus, we have the following chain of inclusions: 

7^(G) C axp(G) C 0{G) (4.31) 

(here 7?-(G) denotes the functions that can be extended to polynomials on GL„(C) - we need this speci- 
fication since G is not necessarily an algebraic group). 

Theorem 4.9. If G is a linear complex group, then the algebra C'exp(G) of holomorphic functions of 
exponential type on G is dense in the algebra 0{G) of all holomorphic functions on G. 

Proof. Let (p : G ^ GL„(C) be a holomorphic embedding as a closed subgroup. By one of the corollaries 
from the Cartan theorem [38J 11.5.2], every holomorphic function v G 0{G) can be extended to a 
holomorphic function u € 0(GL„(C)). Let us approximate u uniformly on compact set by polynomials 
Ui £ 7?.(GL„(C)). By (|4.28p . all polynomials Ui are functions of exponential type on GL„(C), hence 
their restrictions Uilc are functions of exponential type on G. Thus, v is approximated by functions of 
exponential type Uilc uniformly on compact sets in G. □ 



(f) Nuclearity of the spaces CexplC) and C>*^p(G') 

Theorem 4.10. For any compactly generated Stein group G the space C'exp(G) is a nuclear Brauner 
space, and its dual space Cexp(G) a nuclear Frechet space. 

We premise the proof of this fact by two lemmas. The first of them is true for arbitrary complex 
manifold and is proved by the same technique that is applied for the proof of nuclearity of 0{C) (see |25j 
6.4.2]): 

Lemma 4.3. If M is a complex manifold, and K and L are two compact sets in M , such that K is 
strictly contained in L, 

K C IntL 

then there exists a constant G ^ and a probability measure ^ on L such that for any u €E 0{G) we have 

\u\k^G- Jja{u)\ nida) (4.32) 

As a corollary, the operator u\l i— > u\k of restriction is absolutely summing, and its quasinorm of absolute 
summing is not greater than C: for any ui, ...,ui € 0{M) 

I „ I I 

^ Iwik 5^ G • / ^ |a(Ui)| /i(da) < G • sup ^\a{ui)\ 

j=l "'i i=l aGabsconv(5^) i^i 

Remark 4.1. Here absconv ((J-^) means the universal compact set in the Smith space C*{L) dual to 
the Banach space C{L) of continuous functions on L, or what is the same, the unit ball in the Banach 
space M{L) of Radon measures on L. We use this notation, because it is convenient to denote by 
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5^ — {5^; X e £} the set of all delta-functionals on C{L) - then the polar B° of the unit ball B in C{L) 
coincides with the absolutely convex hull of S^: 

B° = absconv (6^) = {a e M{L) : | |a| | sC 1} 

(the closure with respect to topology of C*{L)). 

Lemma 4.4. For any generating compact neighborhood of identity K in G 

oo 

G= (J i^:" 

71=1 

there are constants C ^ 0, A ^ such that for any I £ N and for arbitrary ui, ui £ 0{G), n £ N the 
following inequality holds: 

I I 

a{ui)\ (4.33) 

i— 1 a€:absconv((5-^^"'^^ ) ^—1 

Proof. 1. The set U = IntiiT is an open neighborhood of identity in G, so the system of shifts {x -U; x £ 
K^} is an open covering of the compact set K^. Let us choose a finite subcovering, i.e. a finite set 
F C such that 

C [j X U ^ F U 

Then we obtain: 

^ ^n-l ^ ^n-l .^2 ^ _f^2«+l^ UGN (4.34) 

Here is the proof: first we should note that 

F C ^ pn j^2n^ 

After that in the sequence (|4.34p it is sufficient to check only the first inclusion: 

K"- C -K, n e N (4.35) 

This is done by the induction: for n = 2 we have 

CF-U <ZF-K 
and, if (|4.35p is true for some n, then for n + 1 we have: 

j^n+i -K <Z F'"--^ -K -K C • C F"-'^ ■ F ■ K ^ F"" ■ K 

2. Since the compact set strictly contains K, by Lemma there are C, /x such that 

\u\k^C- [ \a{u)\fi{da) (4.36) 

Under the shift by an element x £ G this inequality takes form 

\u\,-K^C- [ \a{u)\{x- ^i){da) (4.37) 

JxK^ 

where a; • /i is a shift of the measure fi: 

(x • /i)(u) = • a;), {u ■ x){t) ~ u{x ■ t) 
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This implies that if E is an arbitrary finite set in G, then the sum 



card-E^ 

is a probabiHty measure on the set E ■ , with the property 

\u\e-k ^ \u\x-K < C' • / \a{u)\{x ■ fi){d a) = 
Z7t ZTtJxK^ 



xGE xeE 



^C J2[ Hu)\{x■^i){da)^C■ f \a{u)\(Y,x-lA 

xeE-^E-K- •'EK- \x&E J 



(da) 



C-card(£;) • / \a{u)\ iy{da) 
Jek^ 



From this we deduce that the restriction operator u\e-k^ '—^ u\e-k is absohitely summing, and the 
quasinorm of absolute summing can be estimated by the constant C • card(£^): for all ui, ...jUi S 0{G) 

I . I I 
J2W^\E■K -cardiE)- Y.\a{u^)\ iy{d a) ^ C ■ card{E) ■ sup 

i=l "'^^■^^ i=l aeabsconv((5S 'f^) i=l 

Now from formulas (|4.34p we have: 

I I I 

^C-card(^^"-i). sup ^ ^ ^ s=: 

C • card(F"-i) • sup ^ |a(ui)| C • (card(F))"-i • siip ^ |a(u,)| 

To obtain (|4.33p we can put A = card F. □ 
Proof of Theorem \4-10[ Consider the sequence of rectangles as in Theorem 14.31 

En — (/at)' 

By Theorem 14.31 their union covers the whole space C'exp(G) 

Oe.p{G) = \J En 

N=l 

and moreover any dually submultiplicative rectangle D C 0{G) is contained in some rectangle En- 

DC En 

From this we deduce that in Formulas (|4.16p and (|4.17p the system of all dually submultiplicative rect- 
angles D can be replaced by the system of rectangles En- 

oo 

Oexp{G) = \J CEn = Hm CEn 

N=l nZoo 

This means that C'exp(G) is a Brauner space, and 0*^p{G) a Frechet space. To prove that both spaces 
are nuclear we can only note that Oexp{G) is conuclear. Consider CEn as Banach spaces with unit balls 
En- By (|4.14[) . the seminorm on CEn is defined by equality 

Pn{u) = sup ^\u\k^ 
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Its unit ball is the set E^: 

En ={ueO{G) : \u\k^. ^ N"} = l^u e 0{G) : \fn e n < l| = 

u e 0{G) : pn{u) = sup -^lulifn ^ 1 

nGN N^ 

To prove that the space OexplG) = lim 'CEn is conuclear, we need to verify that for any iV G N there 

exists M G N, A/ > iV, such that the inclusion mapping CE^ CEm is absolutely summing, i.e. such 
that for some constant L > 0, for any I G N and for all ui, ui G <CEm we have: 

Y,PM(ui)^L- sup (4.38) 

This is proved as follows. First we need to note that for all n,N E N the following inclusion holds 

En ={ue 0{G) : Vn G N \u\k^ ^ A^"} C {w g 0(G) : < iV"} = A^" • °(5^" (4.39) 

It implies following chain: 

En C N" -"(s^^ 

absconv((5^") C iV" • (£;^r)° 
absconv(,5^'"^') C iV^^+i • (£;^r)° 

< g3Sl) ^ C-A"-i • sup V|a(M,)| s;C-A"-i- sup V |a(M,)| = 

~t aGibiS5H^(5^=^"+i)~t aGiV2"+i.(B„)= 

= C-A"-i- sup V|iV2"+i ./3(m,)| =C-A"-i • Ar2"+i . V|/3(m^)| 

/3e(Eiv)° /3G(iSiv)° 



2 A"^ ]\f'in+L 

4 



Epm(z..) = E™p]i^i"^i^" < E E - E E 

2—1 i—1 i—1 \n—l / n— 1 



^EK ™P 2^\(^M\] ■ [l^ j7;i • ™P El^( 



Ui 
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If we now choose M e N sufficiently large such that 



^ A 

M n ^ 



n=l 



then the constant L in (|4.38p can be chosen as 1: 



VpmK) ^C V] — sup V |/3(w,)l 



/A 
1 

□ 

(g) Holomorphic mappings of exponential type and tensor products of the 
spaces OexplG) and 0^,^(0) 

Theorem 4.11. Let G and H be two compactly generated Stein groups. The formula 

Pgm{uBv)^uQv, ueOe.p{G), v£Oe.p{H) (4.40) 
( where uSv is the function from p.24p ) defines a linear continuous mapping 

PG.H ■■ axp(G xH)^ axp(G) o:,p(i?) = axp(G) o,,p{H), 

This mapping is an isomorphism of stereotype spaces and is natural by G and H, i.e. is an isomorphism 
of bifunctors from the category of Stein groups into the category 6te of stereotype spaces: 

((G; H) ^ 0{G X i/)) ^ ((G; H) ^ 0{G) )) 

Equivalently this mapping is defined by formula 

PG,Hiw)il3)=l3ow, weO,^p{GxH), l3eO:,p{H) (4.41) 

where 

: G^ Clexp(-ff) w{s){t) =w{s,t), seG,teH (4.42) 
Corollary 4.4. The following isomorphisms of functors hold: 

axp(G X i/) = axp(G) Oe^piH) = axp(G) ® 0,,p{H) (4.43) 

o:,p(G X H) - o:,p(G) o:xp(ff) = o:xp(g) ® o:^^{h) (4.44) 

To prove Theorem 14 . 1 1 1 we have to recall the notion of injective tensor product Aq B oi sets A and 
B in stereotype spaces X and Y. According to notations [TJ (7.27)], A i? is defined as a subset in the 
space X QY = X (Z) Y* of operators ip : Y* ^ X containing only those operators satisfying the condition 
f{B°) ^ A. That is the sense of the following formula we use in Lemma H31 below: 

AqB = A^B°. 

Lemma 4.5. If g : G R+ and h : H R+ are two semicharacters on G and H, then g El h is a 
semicharacter on G x H, and the mapping pg,h defined in (|4.4ip - (j4.42p is a homeomorphism between 
compact sets [g □ /i)' C e'exp(G x H) and g^Qh* Q Oexp(G) Oexp{H): 

(g □ h)' ^g'eh' (4.45) 
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Proof. Here at the beginning we use reasonings similar to those we used in the proof of Theorem l4.8l 

1. Note first that for any fimction w G (gH h)* C Oexp(G x H) Formula (|4.42p defines some mapping 

Indeed, since w is holomorphic on G x H, it is holomorphic with respect to each of two variables, so when 
s £ G is fixed, then the function w(s) : _ff — )■ C is also holomorphic. At the same time it is bounded by 
the semicharacter g{s) ■ h: 

Vs e G w{s) e g{s) ■ h* (4.46) 

since 

we(,g □/).)■ =^ \w(s)[t)\^\w{s,t)\iS,g{s)-h{t) =^ w{s) € g{s) ■ h* 

Thus, w{s) is always a holomorphic function of exponential type on H , i.e. iS{{s) S OexpiH) 

2. Let us show that the mapping w : G — > Oexp{H) is continuous. Let st be a sequence of points in 
G tending to a point s: 

G 

Si — > s 

i — >oo 

Then the sequence of holomorphic functions w{si) £ 0{H) tends to the holomorphic fimction w{s) e 
0{H) uniformly on each compact set K C H, i.e. in the space 0{H): 

\ '^^"'^ \ 
W[Si) — > w[s) 

i — >oo 

On the other hand, all functions are bounded by the semicharacter G ■ h, where G — maxjsupj g{si), g{s)} 
is a finite number, since the sequence Si converges and together with its limit is a compact set: 

\w{s,){t)\ ^ g{s,) ■ hit) ^ C ■ h{t) 

Thus, the functions w{si) and w{s) lie in a rectangle generated by the semicharacter G ■ h: 

{w{s,);w{s)} C (G-h)' 

In other words, w{si) tends to w{s) on the compact set (G • /i)' 

^ (C-h)' ^ 

W[Si) — > W[S) 

i — *OQ 

so w{si) tends to w{s) in the space Oexp{H)- 

w{Si) — > w{s) 

i — >oo 

3. From continuity of the mapping w : G ^ Oexp{H) it follows that for any functional f3 e 0*^p{H) 
the function /3 o {5 : G ^ C is holomorphic. To prove this one can use the Morera theorem: consider a 
closed oriented hypersurface r' in G of dimension n = dim G with a sufficiently little diameter and show 
that 

j (/3o w)(s)ds = (4.47) 

Indeed, take a net of functionals — > oo} C 0*^p{H) which are linear combinations of delta- 
functionals, and approximate f3 in 0*^p{H): 

^ — ' I — ^oo 

k 

Then we obtain the following. Since vu : G Oexp{H) is continuous, we have 
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This implies that for any Radon measure a G C{G) 

a{(3 o w) < — a{l3i o w) 

QO< — i 

In particular, for the functional of integrating by our hypersurface F we obtain 



iP o w){s) d s < — / (A o w){s) d s 



X(e^'-^'^' (.)d.= 

k •'^ k ''^ 

= E^'- / i5(s)(af)ds = ^Af • / wis,a'^)ds =0 

0, 

since is holomorphic 
with respect to the first variable 

I.e., indeed (|4.47p is true. 

4. We understood that for any functional /3 G 0*^p{H) the function /3 o ui : G ^ C is holomorphic. 
Let us show now that it is of exponential type: 

Vu; e axp(G X if) ypeO:,piH) (3oweOe.p{G) (4.48) 

Indeed, since the functional /3 £ 0*y.^{H) is bounded on the compact set /i' C Oexp{H), it must be a 
bounded functional on the Banach representation of the Smith space C/i', i.e. 

VveCh' \P{v)\ ^ M -Mf^, (4.49) 

where 

= ||/3||(;,l)o :=max|/3(i>)|, inf{A > : v e X ■ h'} 

So from formula (|4.46p we have: 

w{s)eg{s)-h' =^ ||w(s)|l^i := inf{A > : w(s) e A • /i'} < .g(s) =^ 

=^ \Piw{s))\ ^ M ■ g{s) 

I.e. the function (3 o w is bounded by the semicharacter M ■ g : 

Powe M -g* (4.50) 

5. We have proved (|4.48p . Now let us show that for any w e (g □ ft,)' C Oexp(G x H) the mapping 

p e o:^p{H) ^ PG,HHiP) =powe axp(G) (4.51) 

is continuous, i.e. 

PG.Hiw) e axp(G) a%(i?) (4.52) 
This follows from (|4.50p : if Pi is a net tending to zero in 0*^p{H), then 

P^oQ e M,- g*, M^^max\P,{v)\ — >0 
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PiO w — > 

i — >oo 

6. Now we need to verify that 

PgmH e9'Qh'=g'0 {h'y C axp(G) 0:,p(H) 

Or, in other words. 



(4.53) 



This follows from 



Vs e G w{s) e g(s) • /i' 



Vs e G 



4 
1 



w{s) e /i' 



Vs e G V/? e (h'y 1 ^ 



/3 ^^^(s) 



— |(/3o^})(s)|^— |(pG,i/H(/9))(s)| 



VseG V/3e(/i')° |pg,hH(/5)(s)K5W 

7. Let us show that the mapping 
is injective. Consider functionals of the form 



PChM &g*Qh* 



(4.54) 



(4.55) 



Now we have: if w ^ 0, then for some s ^ G, t £ H we have w{s, t) ^ 0, so 

S''*{pg,h{w)) = pG,H{w)iS'){s) = {S* o w){s) = <5*({D(s)) = w{s){t) = w{s,t) + 

thus, pcniw) ^ 0. 

8. Similarly it turns out that the mapping 

we(.gH/t)' Pg,h(w^) (4.56) 

is surjective: for any G .g' ft.' C Oexp(G) Oexp(-H^) we set 

u;(s,t) = 5''®5*((^) = ^((5*)(s), seG, teil 

and then, first, w is a holomorphic function on G x H, since it is holomorphic with respect to every 
variable: when t E H is fixed, the object (p{S'^) is an element of the space C'exp(G), i.e. a holomorphic 
function (of exponential type) on G, hence 'w{-,t) is holomorphic with respect to the first variable, and 
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when s € G is fixed, the mapping f3 G 0*,^p{H) ^ (5* o (p){P) is a continuous functional on the space 
0^p{H), i.e. by stereotype duality, an element of the space Oexp{H): 

Thus 

w{s,t) = = ° <^)(^*) = = v{t) 

i.e. the fimction w{s, •) is holomorphic with respect to the second variable. 
Further, turning the chain of item 6 to reverse direction, we obtain: 

y^i{h'r)cg' 

ii- 

ii- 

^^^^ w/^^''^° ^ ""{w/)'"' 

ii- 

yt€H <^((5*) e h{t) ■ g' 
ii- 

VseG yt€H \w{s,t)\ = \ip{S'){s)\^h{t)-g{s) = \{gBh){s,t)\ 

ii- 

w€{gB h)' 

And finally it remains to note that w is an inverse image of (fi under the mapping w pg,h{w)' 

\/s,t pg,h{w){S'){s) = {5' ow){s)=5\w{s))=w{s){t)=w{s,t) = ^{5'){s) 

Pg,h{w) = (fi 

9. Thus, we obtained that the mapping 

m; G (,g □ ft)' 1-^ Pg,h{w) € g* Q (4.57) 

is bijective. It remains to show now that it is continuous in both directions. This follows from the fact 
that both {g □ /i)' and <?' are compact sets. Since functional 6^ ® i5* separate the points of the 
compact set g'Qh*, the (Hausdorff ) topology they generate on g' h' coincides with the initial topology 
of g' h': if 

i—*oo 

for any s £ G, t £ H, then 

(fi — > If 

i—>-oo 

Prom this we have that the mapping w i— ^ PG,H{yj) is continuous in forward direction: 
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V(s, t)eGxH 6'® 6\pG,Hiw^)) = w,is, t) w{s, t) = 6' ® S\pg,hH) 

'i— i-oo 

, N g'eh' , , 

PG,H[Wi) — > pg,hW 

i — >oo 

Thus, the operation w i-^ pq^h{w) is a continuous bijective mapping of the compact set ((;□ /i)' into the 
compact set Q h*. This means that pg,h is a homeomorphism between (g □ /i)' and Q h*. □ 

Proof of Theorem \4.11\ Let us note from the very beginning that if / is a semicharacter on G x H, then 
the functions 

h{t) ^ f{lG,t), seG,teH 

are again semicharacters (as restrictions of / on subgroups), and the function gElh is a semicharacter on 
G X H, majorizing /: 

f s^gBh (4.58) 

Indeed, 

/(s, t) = fiis, 1h) ■ (1g, t)) ^ f{s, 1h) ■ /(1g, t) - g{s) ■ h{t) = (g □ h)is, t) 

From this it foUows that every function w E Oexp{G x H) is contained in some compact set of the 
form (g □ /i)' (since w is always contained in compact set of the form /'). At the same time the object 
Pg,h{w) is an element of the set g* /i', i.e. an element of the space Oexp(G) 0*-^^{H). 

Thus, Formulas (|4.42p and (|4.4ip correctly define a mapping 

weO,xp{GxH) ^ pG,HHeOe.p{G)(2)0:,p{H) (4.59) 

and we only need to check its bijectivity and continuity in both directions. 

1. The injectivity of pg.h follows from its injectivity on compact sets (g □ h)' (and from the fact 
that the compact sets {g □ ft.)' and g* h' are injectively included into the spaces Oexp(G x H) and 

axp(G)0a%(i?)). 

2. The surjectivity of pg,h follows from the fact that it surjectively maps compact sets {g □ ft)' into 
compact sets g*Qh' (and from the fact that the compact sets g*Qh* cover all the space Oexp{G)CdO*,^p{H)) . 

3. The continuity follows from the fact that pg,h continuously maps every compact set {g □ ft)' into 
the compact set 5' ft', hence into the space C'exp(G) 0*^p{H). This means that pg,h is continuous on 
each compact set K in the Brauner space Oexp(G x H), thus it must be continuous on the whole space 
axp(G X H). 

4. The continuity in reverse direction is proved in the same way: since the inverse mapping continu- 
ously turns every compact set 5' ft' into a compact set {g □ ft)', it is continuous on each compact set 
in the Brauner space Oexp(G) 0*^^{H). Thus, it is continuous on the whole space C'exp(G) 0*^^{H). 

5. We have proved that the mapping defined by formulas (|4.4ip - (|4.42p is an isomorphism of the 
stereotype spaces: C'exp(G x H) = Oexp(G) Oexp(^) = C'exp(G) Oexp(ff) (hence the identities 
hold). Let us show that this mapping satisfies the identity (|4.40p : if u e C'exp(G), v e Oexp{H), then for 
the mapping uSv : G ^ Oexp (H) defined by formula (|4.42p we have the following logic chain: 

uBv{s){t) = (m □ u)(s, t) = u{s) ■ v{t) 

a- 

u □ v{s) = u{s) ■ V 



V/3 e 0*{H) Piu □ vis)) = u{s) ■ P{v) 
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PG,h{'u. □ w) = w u 

It remains now to note that since the elements of the form u®v generate a dense subspace in Oexp (G) ® 
OexpiH), by the proven above nuclearity of the spaces Oexp 7 the corresponding elements of the form 
u Q V must generate a dense subspace in C'exp(G) Oexp{H), and elements w □ u a dense subspace in 
Cexp(G X H). This implies that the property (|4.40|) uniquely define the mapping pg.h- D 

(h) Structure of Hopf algebras on Cexp(G') and C*^p(G') 

In |§ ^[b)| we have mentioned the standard trick, allowing to prove that functional algebras of a given 
class on groups are Hopf algebras - a sufficient condition for this is a natural isomorphism between the 
functional algebra of the Cartesian product of groups x and the corresponding tensor product of their 
functional algebras. Theorem 14. Ill establishing the natural isomorphism 

PG.H 

axp(GxH) = axp(G)0axp(i?) 

allows now to make the same conclusion about algebras Oexp{G): 
Theorem 4.12. For any compactly generated Stein group G 

- the space OexpiG) of holomorphic functions of exponential type on G is a nuclear Hopf-Brauner 
algebra with respect to the algebraic operations defined by formulas, analogous to (j3.3|) - (|3.7|) .' 

- its stereotype dual space 0*^p{G) is a nuclear Hopf-Frechet algebra with respect to dual algebraic 
operations. 

§ 5 Arens-Michael envelope and holomorphic reflexivity 

(a) Submultiplicative seminorms and Arens-Michael algebras 

A seminorm p : yl — > M_(_ on an algebra A is said to be submultiplicative, if it satisfies the following 
condition 

p{u ■ v) ^ p{u) ■ p{v), u,v ^ A 
This is equivalent to the fact that the unit ball of this seminorm 

U = {ue A: p{u) < 1} 

satisfies the condition 

u-ucu 

(such sets in A are also said to be submultiplicative like submultiplicative neighborhoods of zero, defined 
on page [55]) . 

A topological algebra A is called an Arens-Michael algebra, if it is complete (as a topological vector 
space) and satisfies the following equivalent conditions: 

(i) the topology of A is generated by a system of submultiplicative seminorms: 

(ii) A has a local base of submultiplicative closed absolutely convex neighborhoods of zero. 
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Example 5.1. Seminorms p.20p generating the topology on ©(Z) are submultiplicative: 

\n\^N 

hence 0(Z) is an Arens-Michael algebra. 
Proof. Indeed, 



N 



Example 5.2. Seminorms p.47p generating the topology on O(C^), are submultiplicative: 

lkllc = El""|-C'"'> C^l, 



□ 



hence 0{C^) is an Arens-Michael algebra. 
Proof. Indeed, 



\u ■ V\\c 



Ei(^-«)"i-^^'"' = (Eini)-E 



E 



E E i-^i • • • - (e i-'^^i • • (e • ^'"1 - 



Pile • ||w||c 



□ 



Example 5.3. Seminorms p.72p . generating the topology on C(C), are submultiplicative: 



|u||c = El""|-C", C^O, 

n=0 



hence 0{C) is an Arens-Michael algebra. 
Proof. Indeed, 

C30 oo 

\\u-v\\c = Y.\{u-vu-c- = mM^T. 



n=0 



n=0 



E 

1=0 



Ui ■ u 



2 "^n — z 



n=0 i=0 



= Eki-^' • Ei"'i-^'H 



pile • ||w||c 



\l=0 



□ 



Of the following three propositions the first two are evident, and the third one follows from the 
A. Yu. Pirkovskii theorem 15.11 which we formulate below in this section: 



Proposition 5.1. The algebra 0{M) of holomorphic functions on any complex manifold M is an Arens- 
Michael algebra. 

Proposition 5.2. The algebra 0*^p{G) of exponential functionals on every Stein group is an Arens- 
Michael algebra. 

Proposition 5.3. The algebraTZ{M) of polynomials on a complex affine algebraic manifold M , endowed 

with the strongest locally convex topology, is an Arens-Michael algebra if an only if the manifold M is 
finite. 



88 



(b) Arens-Michael envelopes 

The Arens-Michael envelope of a topological algebra A is a (continuous) homomorphism n : A B of A 
into an Arens-Michael algebra B such that for any (continuous) homomorphism p : A ^ C of A into an 
arbitrary Arens-Michael algebra C there is a unique (continuous) homomorphism a : B ^ C such that 
the following diagram is commutative: 

A > B 



C 

From this definition it is clear that if tt : A — > _B and p : A ^ C are two Arens-Michael envelopes of A, 
then the arising homomorphism a : B C becomes an isomorphism of topological algebras (due to the 
uniqueness of a). Hence the Arens-Michael envelope of A is defined uniquely up to an isomorphism, and 
as a corollary, we can introduce a special notation for this construction: 

Z'a-A-^A'^ 

This should be understood as follows: if we have a homomorphism (p : A B, then the record ip = '^a 
means that (p : A ^ B is a.n Arens-Michael envelope of the algebra A; on the other hand, if we have an 
algebra B, then the record B = A^ means that there exists a homomorphism ip : A B which is an 
Arens-Michael envelope of the algebra A — in this case the algebra B is also called an Arens-Michael 
envelope of the algebra A. 

Proposition 5.4. A topological algebra B is an Arens-Michael envelope for a topological algebra A if 
and only if 

(i) B is an Arens-Michael algebra, and 

(a) there exists a continuous homomorphism n : A B such that 

(a) the image t:{A) of the algebra A under the action of t: is dense in B, 

(b) for any continuous submultiplicative seminorm p : A ^ M_|_ there is a continuous submul- 
tiplicative seminorm p : B ^ R+, such that the seminorm p o -k : A ^ K+ majorizes the 
seminorm p: 

p{a) < p(Ti(a)), a e A 

The Arens-Michael envelope can be constructed directly: to any submultiplicative neighborhood of 
zero U va Awe can assign the closed ideal Ker U in A defined by the equality 



Ker[/ = Pi £ • [/ 



e>0 

and a quotient algebra 

A/ KerC/ 

endowed with the topology of normed space with the unit ball [/+Ker U . Then the completion [A/ Ker UY 
becomes a Banach algebra. Following (|0.3p we denote such algebra by A/U: 

A/U := (A/ KerUy 

The family of such algebras (with different U) forms a projective system. The Its limit is an Arens-Michael 
envelope A^: 

A"^ = lim A/U. (5.1) 

U is a submultiplicative 
neighborhood of zero in A 

The following propositions show that the operation of taking the Arens-Michael envelope commutes 
with the passage to direct sums and quotient algebras. 
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Proposition 5.5. The Arens-Michael envelope of a direct sum Ai©...©yl„ of finite family of topological 
algebras Ai,...,An coincides with the direct sum of the Arens-Michael envelopes of these algebras: 

{Ai(S...(BA,f = Af(B...(SAf^ 

Proposition 5.6. Let tt : A ^ A^ be an Arens-Michael envelope of the algebra A, and let I be a close 
d ideal in A. Then the Arens-Michael envelope of the quotient algebra A/ 1 coincides with the completion 
of the quotient algebra A^ /tt{L) over the closure 7r(/) in A^ of the image of ideal I under the action of 
the mapping tt: 

{A/if-{A'^/W)y 

An important example of the Arens-Michael envelope was constructed by A .Yu. Pirkovskii: 

Theorem 5.1 (A .Yu. Pirkovskii, |26|). The Arens-Michael envelope of the algebraTZ(AI) of polynomials 
on an affine algebraic manifold M coincides with the algebra 0{M) of holomorphic functions on M : 

{n{M)Y^O{M) (5.2) 



(c) The mapping : 0*{G) 0*^p{G) is an Arens-Michael envelope 

Theorem 5.2. For any Stein group G the mapping 

\>1:0*{G)^01,^{G) 
is an Arens-Michael envelope of the algebra 0*{G): 

(o*iG)Y ^0:,^{G) (5.3) 

Proof. From the representation (|4.17p it follows that this space is a projective limit of the Banach quotient 
algebras: 

Oexp(G') = (I4T7I) = [ Inn CD j = Imi(CD)* = ^ = \\mO*{G)/D° = 

^ Z) is a dually ^ D is a dually D is a dually 

submultiplicativc submultiplicativc submultiplicativc 
rectangle in 0{G) rectangle in 0{G) rectangle in 0{G) 

= lim 0*(G)/A = fThcoremlCTa)) ^ hm CT(G)/U = (Oil = (o*(G)Y 



Z\ is a submultiplicative U is a submultiplicativc 

rhombus in 0*(G) neighborhood of zero in 0*(G) 



□ 



(d) The mapping : Oexp(G') 0{G) is an Arens-Michael envelope for the 
groups with algebraic connected component of identity 

Theorem 5.3. Let G be a compactly generated Stein group, such that the connected component of identity 
Ge is an algebraic group. Then the mapping 

be : axp(G) 0{G) 
is an Arens-Michael envelope of the algebra C'exp(G); 

(axp(G'))'^ = 0(G) (5.4) 
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We shall prove this theorem in several steps. 

1. Let initially G be a discrete group. Recall that in (|0.28|) we agreed to denote by 1^ the characteristic 
functions of singletons {x} in G: 

Uy)-ll' ^T'' (5-5) 

[0 y ^ X 

(since G is discrete, the function 1^ can be considered as element of both algebras 0{G) and Oexp{G)). 

Lemma 5.1. The functions {l^; x G G} form a basis in the topological vector spaces 0{G) and Oexp(G); 
for any function u E 0{G) (u G Oexp(G)j the following equality holds 



w = ^ u{x) ■ (5.6) 

where the series converges in 0{G) (OexpiG)), and its coefficients continuously depend on u E 0{G) 
(u e axp(G)j. 

Proof. For the space 0{G) this is evident, since for the case of discrete group G this space coincides 
with the space C*^ of all functions on G. Let us prove this for C'exp(G): if m G C'exp(G), then taking a 
majorizing semicharacter f : G R+, 

\u{x)\^fix), xeG 

we obtain that the partial sums of the series (|5.6p are contained in the rectangle so the series (|5.6p 
converges (not only in 0{G), but) in Oexp(G) as well. On the other hand, every coefficient u{x) contin- 
uously depend u, if u runs over the rectangle By the definition of topology in C'exp(G), this means 
that u(x) continuously depend on u, when u runs over OexpiG). □ 

Lemma 5.2. If G is a discrete finitely generated group, then for any continuous seminorm q : Oexp{G) — > 
R+ and for any semicharacter f : G [l:+oo) the number family {f{x) ■ q{lx)', x G G} is summable: 

Proof. Let T is an absolutely convex compact set in 0*^^{G) corresponding to the seminorm q: 

q{u) ~ sup |q!(u)| 

Every rectangle /' is a compact set in 0*^p(G), so 

00 > sup sup |Q:(7i)| — (|5.6p = sup sup \a( 2, u{x) ■ Ix) — sup sup >, u{x) ■ a{lx) 



^supIV "(J^) •a(l:r)| = sup V /(a;) • |a(l^)| ^ sup sup /(x) • |a(l:r)| 

T 

one of the values of 



u e /■ 



= sup f{x) ■ sup \a{lx)\ = sup f{x) ■ q{lx) 



So we have that for any semicharacter f : G [1; +00) 



sup f{x) ■ q{lx) < 00 
xeG 
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Now take a finite set K, generating G, 

oo 

and define a semicharacter g : G s- [1; +oo) by formula 

where i? is a number, greater than the cardinality of K: 

R > card K. 

Since the product g ■ f is also a semicharacter, we have: 



sup 

xeG 



g{x) ■ f{x) ■ q{l^) 



< oo 



3O0 VxeG /(x) • q(i:,) ^ 



a- 

xeG xGG^^ ' n=l2;GK"\if"-i ^ n=\ x<^K^\K^-^ n=l 

— R- — -^-E^^j <- 

n— 1 n— 1 ^ ■'^ 

□ 

If q : C'exp(G) — > R+ is a continuous seminorm on C'exp(G), then let us call its support the set 

supp(g) = {x e G : q{lx) ^ 0} (5.7) 

Lemma 5.3. If G is a discrete finitely generated group, then for any submultiplicative continuous semi- 
norm q : Oexp(G) — > R+ 

(a) its support supp(g) is a finite set: 

card supp((7) < oo 

(b) for any point x € supp((j') the value of the seminorm q on any function 1^ is less than 1: 

q{lx) ^ 1 

Proof. Let us prove (b) first. If a; e supp{q), i.e. q{lx) > 0, then: 

lx = l' <z(l2) ^ g(l,)2 =^ l^q{lx) 

Now (a). Since the constant identity f{x) = 1 is a semicharacter on G, by Lemma l5.2l thc number family 
{q{lx); X e G} is summing: 

^ q{lx) < oo 
xeG 

On the other hand, by the condition (b) we have already proved, all non-zero terms in this series are 
bounded from below by 1. Hence there is a finite number of them. □ 
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2. Let us now pass to the case when G is compactly generated Stein group, whose connected component 
of identity Ge is an algebraic group. Let £Cexp(G) denote a subalgebra in Oexp(G) consisting of locally 
constant functions: 



ueCCexpiG) ueOexpiG) & [yxeG 3 neighborhood t/ 9 a; € U u{x) ^ u{y) 

Lemma 5.4. Let n : G ^ G /Ge denote the quotient mapping. For any function v G Oexp{G/Ge) the 
composition v o -k is a locally constant function of exponential type on G, and the mapping 

establishes an isomorphism of topological algebras: 

Oexp{G/Ge) — CGexp{G) 

Let now for any coset K E G/Ge and for any function u g Oexp(G) the symbol uk denote the function 
coinciding with u on the set K <Z G and vanishing outside of K: 

{u{x), xe K 
0, x^K ^'-'^ 



The following proposition is proved just like Lemma |5. II 

Lemma 5.5. For any coset K G G/Ge o,nd for any function u G Oexp(G) 

(a) the function uk belongs to algebra Oexp{G), 

(b) the mapping u G Oexp(G) uk G Oexp{G) is continuous, and 

(c) the series X/XGG/Ge converges in the space (Dgxp{G) to the function u: 

li = UK 
KeG/G^ 

For any coset K G G/Ge let us consider the operator of projection 

Pk : axp(G) axp(G), Pk{u) = uk 
and let Oexp(^) denote its image in the space Osxp{G): 

Oexp{K)=PK(OexpiG) 



Clearly, C'exp(^'^) is a closed subspace in C'exp(G), so OexpiK) can be endowed with the topology induced 
from C'exp(G) (this will be the same as the topology of an immediate subspace in C'exp(G)), and with 
respect to this topology C'exp(-f^^) is a Brauner space. 

Let in addition 0{K) denote the usual algebra of holomorphic functions on the complex manifold K . 

Lemma 5.6. The inclusion Oexp{K) C 0{K) is an Arens-Michael envelope: 

OexpiK f = 0{K) 

Proof. We have to note first that it is sufficient to consider the case oi K = Ge, since shifts turn inclusions 
Cexp(-f'^) ^ 0{K) into inclusions Oexp(Ge) Q 0{Ge). For this case our proposition becomes a corollary 
of the Pirkovskii Theorem 15.11 by assumption, Ge is an algebraic group, so we can consider the algebra 



§ 5. ARENS-MICHAEL ENVELOPE AND HOLOMORPHIC REFLEXIVITY 



93 



Tl{Ge) of polynomials on Gg. Then the train of thought is illustrated by the following diagram (where 
the horizontal arrows mean inclusions): 

7^(Ge) > axp(Ge) > 0{Ge) 



P /I 
/ P 

B 

If p : Oexp{Ge) — > i? is an arbitrary morphism into the Arens-Michael algebra in B, then by Pirkovskii's 
Theorem there arises a unique morphism p-]z '■ TZ(Ge) B. Since TZ(Ge) is dense in Oexp(Ge) in the 
topology of 0{Ge): the morphism p extends the morphism p. And since Oexp(Ge) is dense in 0(Ge), this 
extension is unique. □ 

Proof of Theorem 15.5^ Let G be an arbitrary compactly generated Stein group with algebraic connected 
component of identity and p : OexpiG) — » a submultiplicative scminorm. Its restriction p\cc\„ (G) to 
the subalgebra >CGexp(G) defines by Lemma 15.41 a continuous scminorm q on Ogxp (G/Gg), 

q{v) = p{v o tt), 

and q will be submultiplicative, like p. Hence by Lemma 15.31 the support of q is finite: 

card supp(g) < oo 

Being applied to scminorm p this mean that there exists a finite family of cosets {Ki, Kn} C G/Ge, 
for which 

while for the others K € G/Ge, K ^ {Ki, K,,}, 

p(1k) = (5.9) 

(here Ik denotes the image of the constant identity u{x) = 1 under the projection (|5.8p ). 
As a corollary, for any function u E Oexp(G) and for any coset K ^ {Ki, Kn} we have 

p{uk) - (5.10) 

(since p{uk) = p{1k ■ uk) ^ p[Ik) ■ p{uk) = • p{uk) = 0). 

Denote now by P and S the projections to the spaces consisting of functions vanishing outside and 
inside Ki U ... U Kn- 

{u{x), xeKi\J...\JKr\ ^ ^ 



K<f{Ku....K„} 

(the latter series converges in C'exp(G), by Lemma [53]). From (|5.10p we have 



VTteaxp(G) p{s{u))=p\ 

UK < J2 p{uK) = m^= E = 0' 

\a'^{Xi,...,X„} / K(^{Ki,...,K„} K<^{Ku-.K„} 

what implies 

p = poP (5.11) 
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(on the one hand, p{u) = p{P{u) + S{u)) < p{P{u)) + p{S{u)) — p{P{u)), and on the other hand, 
p{P{u))^p{u-S{u))i^p{u)+p{S{u))^p{u)). 

Denote by pi the (submultiphcative) seniinorms on Oexp(^i), induced by p, 

Pi{v) = p[v), V e Oexp{Ki) 

By Lemma 15.61 and Proposition [53J these seminorms are majorized by some seminorms pi and 0{Ki): 

Pi{v) ^ Pi{v), V e Oexp(^i) 

From (j5.1ip we have the following estimation: 

n n n n 

p{u) = p(^^UK, + ^ uk] ^ (lEni) = p(y^uK,] < y^^PijuK,) < y^K("gj 

j=i K^{/s:i,...,i<'„} i=i 1=1 1=1 

Thus, our initial seminorm p on OexpiG) is majorized by the seminorm Y^^=i Pi ^i^)- Again applying 
Proposition we obtain that the inclusion Oexp(G) C 0{G) is an Arens-Michael envelope. □ 

(e) Holomorphic reflexivity 

We can now declare the following a result of our considerations. For a compactly generated Stein group 
G with the algebraic connected component of identity two algebras of those we considered above, namely, 
0*{G) and C'exp(G), have the following curious property: every such algebra H, being a rigid stereotype 
Hopf algebra, has an Arens-Michael envelope , which also has a structure of rigid stereotype Hopf 
algebra, and 

(i) the natural homomorphism 

is a homomorphism of rigid Hopf algebras, and 

(ii) the dual mapping 

is an Arens-Michael envelope of the algebra (iJ^)*: 
Let us note the following in view of this: 

Proposition 5.7. For an arbitrary rigid stereotype Hopf algebra H the structure of rigid Hopf algebra 
on the Arens-Michael envelope , satisfying conditions (i) and (ii), if exists, is unique. 

Proof. Note first that (i) and (ii) immediately imply 

(iii) the mappings '^h and {'^ h)* are bimorphisms of stereotype spaces (i.e. are injective and have 
dense image in the range). 

Indeed, the mappings '■ H — > and [^h)* '■ {H^)* — > H* are epimorphisms (i.e. have dense 
image), since they are Arens-Michael envelopes. On the other hand they are dual to each other, so they 
must be monomorphisms (i.e. are injective). 

This implies everything. First, the multiplication and the unit on are defined uniquely by the 
condition that ^ h '■ H — > is the Arens-Michael envelope of H. Consider the dual mapping {^h)* '■ 
(H^)* — > H* . Like 'Z^h, this must be a homomorphism of Hopf algebras. Hence, it is a homomorphism of 
algebras, and at the same time an injective mapping, by virtue of (iii). This means that the multiplication 
and the unit in [H'^)* are defined uniquely since they are unduced from H* . 

Thus, conditions (i) and (ii) impose rigid conditions on multiplication, unit, comultiplication and 
counit in , and allow to define no more than one structure of bialgebra on . On the other hand, we 
know that antipode, if exists is also unique, so the structure of Hopf algebra on ff^ is also unique. □ 
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It is convenient to sketch out conditions (i) and (ii) by the diagram, 

H ^ H'^ (5.12) 

4 I* 

H* ^ {H'^)* 

with the foUowing sense: first, in the corners of the square there are rigid stereotype Hopf algebras, 
and the horizontal arrows (the Arens-Michael operations ^) are their homomorphisms, and, second, the 
alternation of the operations ^ and ★ (no matter which place you begin with) at the fourth step returns 
back to the initial Hopf algebra (of course, up to an isomorphism of functors). 

The rigid stereotype Hopf algebras H , satisfying conditions (i) and (ii), will be called holomorphically 
reflexive^ and the diagram (|5.12p for such algebras the reflexivity diagram. The justification of the term 
"reflexivity" in this case is the following: if we denote by some symbol, say ^ , the composition of 
operations '■w' and 

H := {H"^)* 

and call such object a Hopf algebra holomorphically dual to H, then H becomes naturally isomorphic to 
its second dual Hopf algebra: 

H = H (5.13) 

This is a corollary of Proposition (|5.7p : since for holomorphically reflexive Hopf algebras the passage 
H H'^ uniquely defines the structure of Hopf algebra on iJ ^ , the isomorphism of algebras 

postulating in axiom (ii), automatically must be an isomorphism of Hopf algebras. The passage to the 
dual Hopf algebras exactly gives (|5.13p . 
Theorems 15.21 and 15.31 imply: 

Theorem 5.4. If G is a Stein group with the algebraic connected component of identity, then the algebras 
0*{G) and C'exp(G) are holomorphically reflexive, and the reflexivity diagram for them has the form: 

0*iG) ^ a%(G) (5.14) 

4 I* 

0{G) ^ axp(G) 

(the numbers under the horizontal arrows are references to the formulas in our text). 
Example 5.4. For the group GL„(C) the reflexivity diagram (|5.14p is as follows: 

0*(GL„(C)) n*iGUC)) (5.15) 



4 



0(GU(C)) ^ 7e(GU(C)) 
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§ 6 Holomorphic reflexivity as a generalization of Pontryagin 
duality 

(a) Pontryagin duality for compactly generated Stein groups 

The complex circle we were talking about in |§ »^[a)| occupies among all Abelian compactly generated 
Stein groups the same place, as the usual "real" circle T = M/Z among all locally compact Abelian groups 
(or among all Abelian compactly generated real Lie groups), since for the Abelian compactly generated 
Stein groups the following variant of Pontryagin's duality theory holds. 

Let G be an Abelian compactly generated Stein group. Let us call an arbitrary holomorphic homo- 
morphism of a Stein group G into the complex circle 

a holomorphic character on G. The set G* of all holomorphic characters on G is a topological group with 
respect to the pointwise multiplication and the topology of uniform convergence on compact sets. The 
following theorem shows that the operation G G' is analogous to the Pontryagin operation of passage 
to the dual locally compact Abelian group: 

Theorem 6.1. If G is an Abelian compactly generated Stein group, then its dual group G' is again an 
Abelian compactly generated group and the mapping 

\g:G^G", \g{x){x)^x{x), xeG,xeG' 

is an isomorphism of (topological groups and of) functors G ^ G and G ^ G" : 

G" = G 

In view of this fact we call G* dual complex group for the group G. 

Proof. First we need to note that this is true for the special cases where G = C, , Z and for the case 
of a finite Abelian group G = F. This is a corollary of the following obvious formulas: 

C'^C, (C'')*^Z, F'=F 

After that it remains to note that every compactly generated Stein group has the form 

G^C' X (C^)" X Z" X F (/,m,neZ+) 
so its dual group has the form 

G' ^ C' X Z™ X (C^)" X (Z,m,neZ+) 

So G* is an Abelian compactly generated Stein group. The second dual group G" turns out to be 
isomorphic to G: 

G" = C' X (C^)" X Z" X = G 

□ 

(b) Fourier transform as an Arens-Michael envelope 

If G is an Abelian compactly generated Stein group, then every its holomorphic character x '■ G is 
a holomorphic function on G. In other words we can think of the dual complex group G* as a subgroup 
in the group of invertible elements of the algebra C(G) of holomorphic functions on G: 



G' C 0{G) 
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If we pass to dual objects by Theorem 16.11 we obtain that the group G itself is included by the trans- 
formation \Q into the group of invcrtiblc elements of the algebra 0{G*) of holomorphic functions on 
GV 

\g:G^G" cOiG'). 

On the other hand, obviously, G is included (through delta- functionals) into algebra 0*{G): 

6:G-^0*{G) {x^S''). 
By [H Theorem 10.12] this implies that there exists a unique homomorphism of stereotype algebras 

^G-0*(G)^0{G'), 
such that the following diagram is commutative: 

G 

0*(G) ^ O(G') 

tlG 

(this is the property of being group algebra for 0*(G)). It is natural to call the homomorphism %q : 
0*(G) — > ©(G*) the (inverse) Fourier transform on the Stein group G, since it is defined by the same 
formula as for the (inverse) Fourier transform for measures and distributions [161, 31.2]: 

value of the function ^ 
in the point x ^ G* 
I 

a"(x) =a(x), xeG- (a G 0*(G), weO{G'}) (6.1) 

T 

action of the functional a £ O* (G) 
on the function X £ G* C 0{G) 

Theorem 6.2. For any Ahelian compactly generated Stein group G its Fourier transform 

ic : 0*(G) ^ O(G'), 

is: 

(a) a homomorphism of rigid Hopf-Frechet algebras, and 

(b) an Arens-Michael envelope of the algebra 0*{G). 

As a corollary the following isomorphisms of rigid Hopf-Frechet algebras hold: 

0:,p(G)- (0*(G))''-0(G-) (6.2) 

and the reflexivity diagram for G takes the form 

, „^ Fourier transform , „ > , ^ 

0*{G) I ^ y 0{G') (6.3) 

Like Theorem 16. 11 this is proved by successive consideration of the cases G = C, C^, Z and the case 
of arbitrary finite Abclian group G ~ F . In the rest of this section up to the "inclusion diagram" we 
devote to this. 
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Finite Abelian group. As we told in § 3^[a,) every finite group G can be considered as a complex Lie 



group (of zero dimension), on which every function is holomorphic. Moreover, in example § ^[c) we have 



noticed that every function on G has exponential type, so the algebras C'exp(G), 0{G) and coincide: 

axp(G) = 0(G) = c« 

If in addition G is commutative, then the theorem l6.2l we illustrate here turns into a formally more strong 
proposition: 

Proposition 6.1. If G is a finite Abelian group, then the formula (j6.ip establishes an isomorphism of 
Hopf algebras: 

a*xp(G) = 0*{G) - Cg = C^* = O(G') = axp(G') (6.4) 

Complex plane C. Let for every A G C the symbol x\ denote a character on the group C, defined by 
formula: 

Xxit) = e^-* 

The mapping A G C i— > xa S C* is an isomorphism of complex groups 



and this isomorphism turns formula (j6.ip into formula 

a\X)=a{xx), AeC {a e 0:,^{C), w e 0{C)) (6.5) 

(we denote this isomorphism by the same symbol jj, although formally it is a composition of mappings 
(|6.ip and A xa)- As a result Theorem 16.21 being applied to the group G = C is turned into 

Proposition 6.2. Formula (|6.5p defines a homomorphism of stereotype Hopf algebras 

fc : 0*{C) ^ 0(C) 

which is an Arens-Michael envelope of the algebra 0*{C), and establishes an isomorphism of Hopf-Frechet 
algebras: 

0*xp(C) - 0(C) (6.6) 

We shall need the following 
Lemma 6.1. Seminorms of the form 

||a||c = E|afc|•G^ G>0, (6.7) 

ken 

(i.e. special case of seminorms (j3.73p . when r^ — ^) form a fundamental system in the set of all 
submultiplicative continuous seminorms on 0*{C). 



Proof. As we had noted in § ^^[c) the multiplication in 0{C) and in 0*{C) is defined by the same formulas 



on series p.7ip . So we can say that the submultiplicativity of seminorms (j6.7p is already proven, since 
in Example 15.31 we had proven the same fact for seminorms (|3.72p . defined by the same formula on the 
series. 

Let us show that seminorms (|6.7p form a fundamental system among all submultiplicative continuous 
seminorms on O* (C) . This is done like in Proposition 13.141 Let p he a submultiplicative continuous 
seminorm: 

p(a*/3) <p(a) •p(/3) 
Put ^ 
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Then 

(fc + 1)\ ■ n+i - p{Ck+i) = piCk * Ci) ^ PiCk) ■ p(0) = (fc! • rk) ■ • n) 

The sequence Ak = rk ■ kl satisfies the recurrent inequality Ak+i ^ A^ ■ Ai, which imphes Ak ^ C^, for 
C = Ai. This in its turn implies inequalities 

Now using the same reasonings as in the proof of Proposition 13. 141 we obtain: 

fceN feeN 

□ 

Proof of Provosition \6.2\ Note from the very beginning that the mapping jjc : 0*{C) —f 0{C), defined 
by Formula (|6.5p is continuous: by the continuity of the mapping A G C i— > xa G 0(C), every compact 
set T in C is turned into a compact set {xx', A e T} in 0{C), so if the net of functionals Qj tends to zero 
in 0*{C), then for any compact set T in C we have 

Q;f(A) = Q;i(xA) =^0, i ^ oo 

Thus, the functions af tend to zero in C(C). 

Further, note that the mapping fjc turns the functionals C„ into functions z": 



= A" = z"(A) 

t=o 



From this and from the continuity of jJc it follows that the mapping act on functionals a as the substitution 
of monomials C„ in the decomposition (|3.70p by monomials z": 

Coo \ ^ oo oo 

n=0 / ri=0 n=0 

This immediately implies the rest. 

1. First, the mapping jJc : 0*{C) 0{C) is an Arens-Michael envelope, since by Lemma [6. 1[ every 
submultiplicative continuous seminorm on 0*{<C) is majorized by a seminorm of the form (|6.7p . which in 
its turn can be extended by the mapping jJc to a seminorm p.72p on 0{<C). 

2. Second, the mapping tic : 0*{C) — > 0{C) is a homomorphism of algebras, since by formulas p.69p - 
p.TOp these algebras can be considered as algebras of power series, where the multiplication is defined 
by usual formulas for power series (|3.7ip . and ftc will be just inclusion of one algebra into another, more 
wide, algebra. 

3. To prove that the mapping jJc : 0*{C) 0{C) is an isomorphism of coalgebras, let us note that 
the dual mapping 

i^r : o*{C) ^ {o*{C}r = o{cr* 



coincides with ftc up to the isomorphism io(c) • 0{C) = 0{Cy*: 

(6.8) 



o*{c) — — — > o{cy 



tic > / io(C) 

C(C) 
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This follows from the formula 

kiSn = X. (6.9) 

Indeed, 

kiSlW = S^xx) = Xxix) = = x.(A) 

Now we obtain: 

nsms') = s'^ikis')) = m = s'^ixb) = kisnib) - s\icisn) == ■^aoikis'^W) = i\o(c) ° mms') 

This is true for all a, 6 e C. On the other hand, the linear hull of delta-functionals is dense in O* , so 

(ttc)* = io(c) ° k 

i.e. the diagram (|6.8p is commutative. But we have already proved that jJc is a homomorphism of 
algebras, and for ici(C) this is obvious. Hence, (ttc)"^ is also a homomorphism of algebras, and this means 
that k is a homomorphism of coalgebras. 

4. Now it remains to prove that jJc preserves antipode: 

'ToioixxKx) - Xxi-x) = e-^^ = (e^-)-i = xx{x)-' 
cro(c)(XA) = Xx^ 

((70.(0 (a))" (A) = {<^o*(C)ia.)){xx) = (aocro(c))(XA) = a{ao(c){xx)) = a{Xx^) = a'*(-A) = crc)(c) (a'*)(A) 

(crc).(c)(a))'' = cro(C)(a'') 

□ 

Complex circle C^. Let for any n E Z the symbol z" denote the character on the group C^, defined 
by formula 

z"(t) =r 

The mapping n e Z i— > z" e (C^ )* is a homomorphism of complex groups 

Z= (C^)' 

and formula (j6.ip under this isomorphism takes the form 

J{n)^a{z"), neZ {a £ 0*^p{C'')) (6.10) 

(like in the previous example we denote this mapping by the same symbol U, although formally this is a 
composition of mappings (|6.ip and n i-^ z"). As a result Theorem 16.21 being applied to group G = 
is turned into 

Proposition 6.3. Formula (|6.10p defines a homomorphism of stereotype Hopf algebras 

fcx :0*(C>^)^0(Z) 

which is an Arens-Michael envelope of the algebra 0*{C^), and establishes an isomorphism of Hopf- 
Frechet algebras 

0*,p(C><)-0(Z) (6.11) 

We shall need 
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Lemma 6.2. The seminorms of the form 



\a\\N^ J2 (6.12) 



i.e. the special case of seminorms p.48p . when 



r„ = 



1, \n\^N 
0, |n|>iV 



- form a fundamental system in the set of all submultiplicative continuous seminorms on 0*{C^). 

Proof. Submultiplicativity of seminorms (|6.12p follows from the formula for the operation of multiplication 
inO*(C^): 

\\a*f3\\N= i(«*/3)ni = (E3ni)= ( E • f E \f^^A =\MN-\mN 

Let us show that seminorms p. 481) form a fundamental system among all submultiplicative continuous 
seminorms on 0*(C^). Let p be a submultiplicative continuous seminorm: 

p(a*/3) sCp(a) •p(/3) 

Put 
Then 

Tn = p{Cn) = p(Cn * Cn) P{Cn) ' p{Cn) = rl 

i.e. ^ r„ ^ r^j, hence r„ ^ 1, or r„ = 0. But by Lcmma l3.21 the numbers r„ must satisfy the condition 
p.49p . which in its turn implies that r„ — > 0. This is possible only if all those numbers, except maybe a 
finite subfamily, vanishes: 

3N Vn e Z \n\> N =^ r„ = 

Put M = max„ r„, then by Lemma 13.21 we obtain: 

p(a) |||a|||r = E'^" ' ^ E E M ■ \an\ ^ M ■ \\a\\N 

□ 

Beginning of the vroof of Provosition \6.3l Note that the mapping (tcx : 0*{C^) ©(Z), defined by 
Formula (|6.10|) is continuous: if a net of functionals ai tends to zero in 0*(C^), then for any n G Z we 
have 

Off (n) = ai(z") — > 0, i ^ oo 

This means that tends to zero in 0(Z) = C^. 

Further, let us note that the mapping jj^x turns functionals (^k hito characteristic functions of singletons 
in Z: 

iCk)Hn) - Ckizn - = {J; J J;} = en = 

From this and from the continuity of (tcx it follows that this mapping acts on functionals a as substitution 
of monomials ^„ in the decomposition (j3.70p by monomials 1„: 



= I E ' ^" I ^ E ' E ' 

VnGZ / nSZ nSZ 
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This in its turn imply the most part of Proposition 16.31 

1. First, the : 0*{C^) — > 0{Z) is an Arens-Michael envelope, so by Lemma |6.2[ every 
submultiplicative continuous scminorm on 0*{C^) is majorized by a seminorm of the form (j6.12p . which 
in its turn can be extended by the mapping [tc to a continuous scminorm on ©(Z) — C^. 

2. Second, the mapping jJcx : 0*{C^) — + 0{Z) is a homomorphism of algebras, since by the formula 
for multiplication (|3.46|) in 0*{C^), this mapping can be represented as a space of two-sided sequences a„ 
with the coordinate-wise multiplication, which is included in the wider space ©(Z) = of all two-sided 
sequences with the coordinate-wise multiplication by the mapping jJcx . 

3. we have to postpone to the next example (at page I104|) the proof of the fact that the mapping 
ttcx : 0*{C^) — > ©(Z) is an isomorphism of coalgebras. 

4. Let us check that jj^x preserves antipode: 

ii- 

a- 

(CTo*(Cx)(a))*'(n) = (o-o.(cx)(a))(2:") = (aoo-o(cx))(z") = a(crcx(z")) 



□ 



Group of integers Z. Let for any t e the symbol xt denote a character on the group Z, defined 
by formula 

Xtin)=r (6.13) 
The mapping t e i— > Xf G Z* is an isomorphism of complex group 

^ z* 

and Formula (|6.ip under this isomorphism takes the form 

a«(t)=a(xt), teC"" {aeOl^^il)) (6.14) 

(again we denote this mapping by the same symbol (J, although it is a composition of the mappings (|6.ip 
and t Xt)- As a result, Theorem l6.2l being applied to group G = Z, is turned into 

Proposition 6.4. Formula (I6.14p defines a homomorphism of rigid stereotype Hopf algebras 

which is an Arens-Michael envelope of the algebra 0*{Z), and establishes an isomorphism of Hopf-Frechet 
algebras 

0:^^{'L)^0{C') (6.15) 

We need 

Lemma 6.3. The seminorms of the form 

ll«llc = 5]|a„|-Cl"l, C^l (6.16) 

nez 

(i.e. special case of seminorms (j3.24p . when rn — C'"' ) form a fundamental system in the set of all 
submultiplicative continuous seminorms on 0*{Z). 
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Proof. We had already noted the submuhiphcativity of seminorms (j6.16p in Example 15.21 Let us show 
that they form a fmidamental system. Let p be a submultiplicative continuous scminorm on on 0*{'Z,): 

Put r„ =p((5"). Then 

rk+i = = piS'^ * S') «C piS'^) ■ p{S') ^ru-n 

From this recurrent formula it follows that 

r„ ^ M ■ Cl"l 

where M — r^^ C — max{ri; and now by Lemma l3. II we obtain: 

p{a) < lllalllr = 5I^"- ^ -Cl"! • |a„| = M • | |a| |c 

neZ neZ 

□ 

Proof of Proposition \6.4\ First of all, let us note that the mapping flz : 0*(Z) — > O(C^), defined by 
formula (|6.14p is continuous: by continuity of the mapping t G Xt & every compact set T in 

is turned into a compact set {xt', < G T} in 0(Z), so if a net of functionals ai turns to zero in C'*(Z), 
then for any compact set T in we have 

al{t) = ai{xt) =^0, i ^ oo 

AGT 

This means that tends to zero in 0{C^). 

Further, let us note that the mapping jj^ turns functionals (5" into monomials z": 

{S^^)i(t)=S-{Xt) = Xtin)=r = z-it) 

This together with continuity of jjz implies that this mapping acts on functionals a as substitution of 
monomials i5" in the decomposition (|3.18p by monomials z"". 



VnGZ / iiSZ nSZ 



This implies the rest. 

1. First, the mapping jjz : 0*{Z) 0{C^) is an Arens-Michael envelope, so by Lemma [6.31 every 
submultiplicative seminorm on 0*(Z) is majorized by a seminorm of the form (j6.16p . which in its turn 
can be extended by the mapping fjz to a seminorm (I3.47P on 0{C^). 

2. Second, the mapping (jz : 0*{Z) 0{C^) is a homomorphism of algebras, since by p.l9p - p.46p 
these are algebras of power series with the usual multiplication of power series, and jJc is simply inclusion 
of one algebra into another, wider algebra. 

3. To prove that the mapping Hz : 0*{'E) 0{C^) is an isomorphism of coalgebras, let us note that 
the dual mapping 

(ttz)* : 0*(C><) ^ (0*(Z)r = o(zr 
up to the isomorphism ic)(z) : 0(Z) ^ 0(Z)** coincides with jj^x : 

o*(c^) — — — > oizy* 

Jcx V / IO(Z) 

0(Z) 
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This follows from formula 

<5*(ttz(5")) = r = <5"(fcx(<5*)), ^eC^ neZ (6.18) 

Indeed, 

5\Un) = unit) = S^ixt) = Xtin) e 

and 

Now we obtain: for t G and n e Z 

(fe)*(5*)(<5") - '^'(azl'^")) - em = <5"(acx (<5*)) = io(z)(»cx (<5*))(<5") = (io(z) ° fcx )(^*)(<5") 

This is true for any ^ e and for any n G Z. On the other hand, delta-functionals generate a dense 
subspace in O*, hence 

(ttz)* = ic)(Z) ° fcx 

i.e. diagram (|6.17p is commutative. Now we can note that in the first part of proof of Proposition 16.31 
fp ll02[) we have already verified that jJcx is a homomorphism of algebras. Certainly, the mapping \o{i,) 
is also a homomorphism, so we conclude that (jjz)* is a homomorphism of algebras, and this means that 
ttz is a homomorphism of coalgebras. 

4. Now it remains to check that ttz preserves antipode: 

^0(z)te)(") = Xt{-n) = t-" - {t~'r - Xt-^{n) 

(ctc)*(z) = (o-o*(z)(a))(xt) = (aocro(z))(xt) = a(o-o(z) (xt)) = "(Xt-O = = o-o(cx)(a*')(t) 

(o-c)*(z)(a))" = cro(cx)(a'') 

□ 



End of the proof of Provosition \6.S\ In Proposition l6.3l it remains to proof that the mapping ttcx : 0*{ 
0{Z) is an isomorphism of coalgebras. Note that the dual mapping 

(fcx)" : 0*iZ) ^ (0*(C^))* =0(C^)** 

coincides with ttz up to the isomorphism ic)(cx) : 0{C^) ^ 0(0^)**: 



(tJ"X )* 

0*{Z) — y 0(C^)* 



'O(CX) 



(6.19) 



This also follows from if t e and n e Z 

(ttcx)*(<5")(^*) - <^"(fcx(^*)) - dm - '5*(fe(^")) - io(cx)(ttz(<5"))(<5*) - (io(z)o fcx)(^")(<5*) 
This is true for alH e and n e Z, and the delta-functionals form a dense subspace in O* , so 

(fcx )* = ic)(Cx) O ttz 

i.e. Diagram (|6.19p is commutative. Now we can note that in proof of Proposition 16.41 we have already 
verified that ftz is a homomorphism of algebras. And for '\o(c^) this is obvious, so we obtain that (ttcx )* 
is also a homomorphism of algebras, and this means that flex is a homomorphism of coalgebras. □ 
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Proof of Theorem 16.21 Now formulas (j6.4p , (j6.6p , (|6.1ip , (|6.15p prove isomorphism (j6.2p for that cases 
G = C, , Z and for the case of finite group G, so it remains just to apply formulas (|4.43p and (|4.44p : 
let us decompose an Abelian compactly generated Stein group G into a direct product 

G = C' X (C^)™ X Z" X 

where -F is a finite group. Then we have: 

0:,p(G) = 0:xp(C' X (C^)" X Z" xF) = Km = 

- o:xp(c)®' o:xp(c")®™ o:xp(z)®" = 

= ©(C*)®' ©((C^)')®" 0(Z')®" OiF') = 

= (14431) = ©((C)' X ((C'')*)" X (Z*)" X F') = ©(G*) 

(c) Inclusion diagram 

Theorem 6.3. the following construction is a generalization of the Pontryagin duality theory from the 
category of Abelian compactly generated Stein groups to the category of compactly generated Stein groups 
with the algebraic connected component of identity, 



holomorphically reflexive 
Hopf algebras 



0*(G) 
1 
G 



compactly generated Stein groups 
with algebraic component of identity 



holomorphically reflexive 
Hopf algebras 



0'(G) 
1 
G 



compactly generated Stein groups 
with algebraic component of identity 



Abelian 

compactly generated Stein groups 



G^G' 



Abelian 

compactly generated Stein groups 



and the commutativity of this diagram is established by the isomorphism of functors 



0*iG') 



0*iG) 



Proof. In Theorem 15.41 we have already showed that the functor G i-^ 0*{G) acts from the category of 
compactly generated Stein groups with algebraic component of identity into the category of holomor- 
phically refiexive rigid stereotype Hopf algebras. So we need only to verify the commutativity of this 
"categorical diagram" . This follows from Theorem 16.11 if G is an Abelian compactly generated Stein 
group, then the walk around the diagram gives the following objects: 



0*iG) h 
Gh 



-^0*{G) 



OiG')^^0*{G') 

o* 

>G* 



□ 
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§ 7 Appendix: holomorphic reflexivity of the quantum group 

'az + 6' 

In this final section we, following our promises in Introduction, will show by the example of the quantum 
group 'az + b\ that the holomorphic reflexivity described above does not restrict itself on algebras of 
analytical functionals 0*{G), but lengthens into the theory of quantum groups. 



(a) Quantum combinatorial formulas 

The theory of quantum groups has its own analog of elementary combinatorics, used in the situations 
where the computations are applied to variables with the following commutation law 

yx = qxy (7.1) 

where q is a fixed number. For those computations in particular, the analogs of usual binomial formulas 
are deduced. Some of them will be useful for us in our constructions connected with 'az + 6', so we record 
them for further references (we refer the reader to details in C. Kassel's textbook 119]). 
For an arbitrary positive integer n we put 

(n\ := 1 + g + ... + cT-' = (n)!, := (l),(2),...(n), = " '^^f^I^)':^'" ' (7-2) 

The integer {n)\q will be called quantum factorial of the integer n. The quantum binomial coefficient is 
defined by formula 

f {n)\„ k <n 



V/ lo, fc> 



n 



Theorem 7.1 (quantum binomial formula). Let x and y be elements of an associative algebra A 
satisfying condition (|7.ip . Then for all n €N 



x^ ■ y"-*^ (7.4) 



Theorem 7.2 (quantum Chu-Wandermond formula). For all l,m,n G 
m + n\ ^ ^ ^(m-i)(i-i) fm\ f n 

' 'i max{0,i-n}^i^min{i,m} ^ * ^ 9 ^ 



Proof. ^ If Z > m + n, then for any i = 0, m we have n < / — m ^ Z — i, so =0. Thus, both 

sums in (I7.5p vanish. And the same happens with ( ^ 1 , so formula (j7.5p is trivial. 

Thus only the case of ^ ^ m + n is interesting. Consider the equality [x + y)™+" (x + y)™{x + y)". 
Removing the parenthesis in (j7.4[) we obtain 



m-fn / \ / / 




®We give here the proof of the Chu-Wandermond formula just to draw reader's attention to the limits of summing 
max{0, Z — n} ^ i ^ mm{l, m}, which will be useful below. 
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m n / \ / \ rn. n / \ / 



Let us consider in the last sum the terms with indices i and j connected by equahty i + j ^ I. All those 
terms can be indexed by the parameter i, if we express j trough i by formula j = I — i. We need only to 
note that to obtain a bijection the index i must vary in the following limits: 

niaxjO, I — n} ^ i ^ mm{l, m} 

This follows from the restrictions on i and j: 

{0 ^ i ^ rn J ^ i ^ rn J ^ i ^ to J ^ i ^ to 

O^j^n jo^/-i<n |-n<i-/^0 - n ^ i ^ I 

Now equating the coefficients at monomial a;' • we obtain the first equality in (|7.5p : 

m + n\ ^ ^(,„_,).(,_,) /"toX / n 

' 1 max{0,i-n}^i^min{;,m} ^ * 9 ^ 9 

The second equality is evident, since for i < I — n and i > I we have respectively n<l — ioil — i<0, 
hence I = Oj ^-nd the terms vanish: 

E - E E + E - E 

max{0,/ — n}^'t^miii{^,m} 0^'i<max{OJ — n} inax{0,/— n}^i^miii{^,m} min{ /,m}<z^m O^i^m 



□ 

(b) Hopf algebra of skew polynomials and similar constructions 
Tensor products X 7^(C), X ® 7^(C), X 7^*(C), X ® 7^*(C) 
Theorem 7.3. Let X be a stereotype space. Then 

— the elements of tensor product X TZ{C) are uniquely represented as converging series 

^, = E^,fc0t^ (7.6) 

fcGN 

with coefficients Uk (z X continuously depending on u Cz X Q TZ{<C), 

— the elements of tensor product X ® TZ{C) are uniquely represented as converging series 



u = 



J2^k®t\ (7.7) 



with coefficients Uk £ X continuously depending on u (z X ® TZ{C), 

the elements of tensor product X TZ*{C) are uniquely represented as converging series 

w = EMfc0T^ (7.8) 

fcGN 

with coefficients Uk (z X continuously depending on u G X Q TZ*(C), 

the elements of tensor product X ® TZ*{C) are uniquely represented as converging series 

u = ^Uk®T'', (7.9) 

fcGN 

with coefficients £ X continuously depending on u £ X ® TZ*{C), 
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Algebras of skew polynomials A 7?.(C) and skew power series A ® TZ*{C) 

Theorem 7.4. Let A be an injective stereotype algebra and ip : A ^ A its (continuous) automorphism. 
Then the formula 



= EE Qr (7.10) 

multiplication in A 



U ■ V 

fceN zeN new i=o 



defines an associative and continuous multiplication on the tensor product A © TZ(C), and turns it into 

an injective stereotype algebra called algebra of skew polynomials (with respect to the automorphism ip) 

if if 
with coefficients in A and is denoted by Aq TZ{C). If in addition A is a Brauner algebra, then A TZ{C) 

is also a Brauner algebra. 

Theorem 7.5. Let A be a projective stereotype algebra and ip : A A its (continuous) automorphism. 
Then the formula 

n 

a*/3 = ^afe®T'=*^/3j®r' = ai ■ ^\Pn-i\ (Sit"" (7.11) 

fceN len nen i=o ^ . 

multiplication m A 

defines an associative and continuous multiplication on the tensor product A®'R-*{C), and turns it into 
a projective stereotype algebra called algebra of skew power series (with respect to the automorphism ip) 

with coefficients in A and denoted by A ® TZ*{C). If in addition A is a Frechet algebra, then A ® TZ*{C) 
is also a Frechet algebra. 

Quantum pairs in stereotype Hopf algebras. Let H ba an injective (resp., a projective) stereotype 
Hopf algebra and suppose we have 

- a group-like central element z in H 

— a group-like central element lu in H* 

Suppose in addition that the operators and M* dual to the operators of multiplication by elements 
LU and z, act on elements z and w as multiplication by a fixed number q £ C \ {0}: 

Ml{z)^q-z, M:{Lo)^q-LO (7.12) 

Then we call the pair {zjUj) a quantum pair in the Hopf algebra H (with the parameter q). 

The key examples for us are the pair s of al gebras (7^(C^ ), 7^*(C^ )) and (^(C^ ), ©^(C^ )) on the 
complex circle C^, we have considered in |§ 3{[c) There by symbol z we dented a monomial of power 1 
on C^: 

z{x) := X, X £ 

Let us take a number q ^ and consider the delta- functional (5' in the point q: 



(5«(u) = u(g) = ^M„-g", ^ie7^(C' 



Certainly, this is a current on C^, i.e. an element of the space 7?.*(C^). Its expansion in basis has the 
form: 

Proposition 7.1. Elements (z, 5'^) form a quantum pair in the rigid stereotype Hopf algebras TZ(C^) and 
0(C^) with the parameter q. 
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Proof. Let us prove this for TZ{C^). We need to verify that z and 5' are central and group-hke elements. 
The first property is trivial, since Tl{C^) and Tl*{C^) arc commutative algebras. The fact that z is a 
group-like element follows from p.37p : 

>c{z) = z Q z 

And for 6"^ this follows from multiplicativity of delta- functionals: 

{u © V, >r((5«)) ^{u-v, S") = {u ■ v){q) = u{q) ■ v{q) = (u, 6") ■ {v, S") = (w w, (5" ® 6") 

Finally the equalities (|7.12p are verified directly: 

(MJ, z, a) = (z, (5? * a) = (z, ^ g™Cm * XI ""^"^ = = ^ • a„ • Cn) = g • ai = g • (z, a) 

and 

(u, M: J«) = (z . u, 5") = / X w„ . z™+i, X . c„ ) = 

\mez ;ez / mez m£Z 

□ 

Hopf algebras TZ{C) and 77* ®^ Tl*{C). In the following theorem 6 means the isomorphism of 

functors p.l3p . and (fc)!g the quantum factorial from (|7.2p : 

Theorem 7.6. Let H be an injective stereotype Hopf algebra and let {z,uj) be a quantum pair in H with 
the parameter g G . Then 

(a) the tensor product H TZ(C) has a unique structure of injective Hopf algebra with the algebraic 
operations defined by formulas: 

multiplication: a t'' • 5 = a • (M* t''+' (7.14) 
unit: lff0TC(c) = Iff l7^(c) (7-15) 

comultiplication: >ir(a i'') = ^ ^ j ■ oUih Q U\){KH{a)) Q f Q t'^~'\ = (7.16) 

n \ / o 



i=0 ^ ^ 9 

= EE(!) ■o!Qt^Q{z^-a!')Qt^-^ 

(q) j=0 ^ ^ 9 

coumt: e{a(3t^) = [^"^''^' ^ = ° (7.17) 
^ ^ [0, /fc>G ^ ' 

antipode: ^(a i*^) = (-1)'^ • g"^^ • z"'^ • (M* )'=(CTff (a)) i'^' (7.18) 

Z 

H 7^(C) m^/i 5wc/i a structure of Hopf algebra is denoted by H Q 7^(C); ^/^e common formula for 
multiplication in this algebra has the form: 

^^•1'= (X^^fcOtM • (E«'®^') = E (Ewfc-(M:)"(i^™-fe)J Oi™ (7.19) 
VfceN / VieN / meN \fe=o / 
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(b) the tensor product H* ® TZ*{C) has a unique structure of projective Hopf algebra with the algebraic 
operations defined by formulas 

multiplication: a ® r'' * /? ® t' = a • (M*)''(/3) ® r''+' (7.20) 
unit: 1h*®k(C) = Iff* ® l7^*(C) (7-21) 

comultiplication: K{a ® t^) ^'^[^A • 6'(^( id_ff* ® )(><H* (a)) ® ® r''"*^ = (7.22) 



1=0 ^ ^ 1 

i 



X! X! ( ■ ) • ® ® (w' * a") ® T^^' 

(q) i=0 



coumt: £(a®r'=) = r^*^"^' (7.23) 
10, ^ 



antipode: a{a ® t'') = {-!)''■ q ^"^^ • cj"'' * (M*)''(crff* (a)) ® t'' (7.24) 

UJ 

® 7^*(C) with such a structure of Hopf algebra is denoted by H* ® 7^^(C); the common formula 

z 

for multiplication in this algebra has the form: 

a*P^ [Y^akGrA ■ [Y^PiqA = (fl^k * {K)HPrn-k)) Q t"' (7.25) 
VfceN / V/eN / men \k=o J 

(c) the bilinear form 

rYukQt\Y'^k®T'' \ =^(iifc,afc) -(fc)!, (7.26) 

\km km I ken 

Z UJ 

turns H 7?.(C) and H* ® TZ*{C) into a dual pair of stereotype Hopf algebras: 

UJ z 

H 7^(C)) =H* ® n*{C) (7.27) 

u, J z 

We divide the proof of this theorem in 7 lemmas. Some of them are evident, and in those cases we 
omit the proof. 

Lemma 7.1. The multiplication and the unit (j7.14p . (I7.15P endow H TZ{C) with the structure of 
infective stereotype algebra, isomorphic to the algebra of skew polynomials with coefficients in algebra H 
and the generating automorphism 

v = K 

Lemma 7.2. The multiplication and the unit (j7.20p . (I7.2ip endow H* ®TZ*{C) with the structure of 
projective stereotype algebra, isomorphic to the algebra of skew power series with coefficients in algebra 
H* and the generating automorphism 

Lemma 7.3. The bilinear form (I7.26P turns the comultiplication (I7.16P into the multiplication (|7.20p . 
and the counit (|7.17p into the counit (j7.2ip ; 

{}<{u),a® 13) ^ {u,a* 13) , £(w) = (u, 1^. ® l7j.(c)) (7.28) 

As a corollary, the comultiplication (I7.16P and the counit (j7.17p define the structure of infective stereotype 
coalgebra on H Q TZiC). 
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Lemma 7.4. The bilinear form (|7.26|) turns multiplication (|7.14|) into comultiplication (|7.22p . and unit 
(fTTS]) into counit (TT^ ; 

(u • u, a) = (w u, , (1// l7j(c), a) = e(a) (7.29) 

a corollary, comultiplication (j7.22p and counit (j7.23p define the structure of projective stereotype 
coalgebra on H* ®TZ'*{C). 

Proof of Lemmas\T^ and\T^ Because of the symmetry between formulas (frT6| - (fr20| and (rrT4|) - (fr22l) 
it is sufficient to prove (|7.28p . For this we can take u — aQt^ . Then the second equality becomes evident 

e{a i^) - I ^ > 0/ " ® * ' ® 

and the first one is proved by the following chain: 

{K{a t'^), a®l3)=Y,(^\ ■ le({lH M;)(><H(a)) Qt^Q i'"*) , ^ a; ® ® ^ /3„ ® r"A = 

1=0 ^ / 9 \ i6N meN / 

= E •(^((lH0M;)(><H(a))0f 0t'=-*),ai®r'®/3™®T'") = 

= E Hf'') • ((fH0M^)(>^^f(a))0f 0t'=-\0(az®T'®/3™®T^ 



;,meN i=0 ^ ^ 9 



^ E Ef!') •((lff0M^)(xH(a))0i^0t'-\ai®/3™®T'®T") = 

i.mSN 1=0 ^ ^9 

= E (J) • • - ((1^ ® M;)(,<ff (a)), a, ® ^3u-^) = 

1=0 ^ 9 

k k 

(fc)!, • ^ {^H{a), a, ® {Ulr{Pk-^)) - (A;)!, • ^ (a, a, * {Ulr{h-^)) = 



i=0 



= / a ^ a, * (M:)X/3fc-.) ® tM = / a ^^ ^ ^ a, * (M:)X/3n-4) ® r" \ = 

\ i=0 I \ neN \i=0 / / 

= {aQt^.a* 13) 

□ 

Lemma 7.5. Comultiplication (j7.16p and counit (|7.17p are homomorphisms of infective stereotype alge- 
bras, and as a corollary endow H 7?,(C) wif/i t/ie structure of infective stereotype bialgebra. 

Lemma 7.6. Comultiplication (|7.22p and counit (j7.23p are homomorphisms of projective stereotype 
bras, and as a corollary endow H* ®TZ*{<C) with the structure of projective stereotype bialgebra. 



Proof. Again due to the symmetry of formulas it is sufficient here to prove the first lemma. We will just 
check that the comultiplication (|7.16p is a homomorphism of algebras (and the reader is supposed to 
check the identity for counit by analogy). Let us note the following identities: 

>c{aQl-bQl) = x{aQl)- >c{bQl) (7.30) 
>f(l • 1 t') = >i{l t'^) • x{l i') (7.31) 
x(l • a 1) = >f(l t'') ■ >c(a 1) (7.32) 
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>f(a 1 • 1 t*^) = K{a 1) • x{l t'') (7.33) 

Indeed, for (|7.30p we have: 

>i{a 1) • x{b 1) = ^(a' 1 a" 1) • ^(6' 1 5" 1) = 

(a) (6) 

= ^ a'&' 1 a"b" 1 = J<((a • 6) 1) = >?(a 1 • 6 1) 

(a),(b) 

For Frm -. 

i=0 9 j=0 ^"'^ 9 

i— n n \ / \-' / a 



i=0 j=0 ^ ^ 9 ^ 9 



i=0 j=0 ^ ^ 9 9 

(i + j = m \ 
j = m - i \ _ 

^ m ^ k + l j ~ 

max{0,m — 1} ^ i ^ min{fc, m}/ 

J2 E ) ■ (m - ■ 9^''"'^*""'^ • 1 = (1731) 

in=Omax{0,m-i}^i^min{A;,m} ^ ^9 ^ ^9 



m 

m=0 ^ '9 



= E ( m ) • 1 *™ ^"^ = >^(l t''+^) = >^(l i'' • 1 t') 

For (17321): 



>f(l i'^) • ^(a 1) = ^ ('J') • 1 f t''-' • ^ a' 1 a" 1 = 

i=0 ^^-^ 9 (a) 

= E E (J) • ((1 • («' 1)) ((^^ • («" 1)) = 

»=0 (a) ^ ^9 

= E E (J) • iKTi^') ^XM:)'=-xa") 1'-' = don = 

i=0 (a) ^ ^ 9 

= >*((M:)^-(a) i'') = dZia = >*(1 i'^ • a 1) 

For dLSSl): 

>r(a 1) • ^{1 Q t'') =J2a' Q I Q a" Q 1 -Y, ■ I Q f Q Q t''-' = 

(a) 1=0 9 

= E E 0) • ((«' 1) ■ (1 n) ((«" 1) • 1'-^)) = 

(a) »=0 ^ ^9 
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= ^ ^ r j -a'QfQ a"z' i'^"' = (TTTCD ^ x(a i'^) = >*(a 1 • 1 

(a) i=0 ^*^</ 

From (|7.30p - (|7.33p it follows that (|7.16p is a homomorphism a algebras: 

^{aQt^ -hQ t^) = K{a ■ {lAlf{^) © ^^^^) - ' {^lf% 1 • 1 © = (ESSl) = 

= ^^(a • i}Alf{h) 1) • k{\ t'=+') = ^^(a 1 • (M*)'=(6) 1) • ><(1 t'^ • 1 t') = 
= (IT^nil . (17311) = ><(a 1) • ><((M* 1) • ^{\ t'=) • ><(1 i') = 
= (EMU = 1) • K{{}Alf{h) 1 • 1 i'^) • >^(1 t') = 
^ x{a 1) • >f(l t'^ • 6 1) • >f(l t') = 
= ((73^ = >f(a 1) • >f(l t^) ■ x{b 1) • x{l i') = = 

= >*(a 1 • 1 t'') • 1 • 1 i') = >f(a t'') ■ x{b i') 

□ 

Lemma 7.7. Formulas (j7.18p and (|7.24p define antipodes in bialgebras HqTZ{C) and H* ®TZ*{C), dual 
to each other with respect to the bilinear form (j7.26p ; 

(a(u),a) = (u,a(a)) (7.34) 

Proof. Let us show that formula (|7.18p defines an antipodc in iJ Tl{C). First we need to verify that cr 
is an automorphism: 

a{aQt'' ■bQt^)^a{a-{Ml)^ib)Qt''+^) = 

= 11381) = (-1)'^+' • q-!^^^^ . q-kl . ^-fc-i . (M*)'(a«(fe)) . (Mt f+'iaHia)) t'^+' = 

= (-1)' . . ■ iKYi'^Hib)) t' ■ (-1)'= • • z-'^ ■ (M:)'=(aH(a)) t'= = 

= CT(6 0i') • CT(a0t'') 
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Now let us note that diagram (|1.18|) becomes commutative if we put there a © 1: 



E «' l7^(C) a" 1k(C) 

(a) 



X; cr//(a') 1-7^(0 a" l7?,(C) 

(a) 



E^if(a')-a"©lK(C) 



a© 1 h 



-> enia) ■ Iff 1tc(C) 



E a' • o-i/(a") © l7j(c) 

(a) 



E a' 1k(c) a" © l-R(c) 

(a) 



E a' 1tc(C) o-ff (a") © l7j(c) 

(a) 



Iff ig)cr 



or 1 © 



l©l©l©i+l©t©z©l l©l©l©i - q-'^z-^ QtQzQl 



iQth 



-^0 



l©l©l©i+l©t©z©l -q^^l QlQ z-'^ Qt+lQtQ z-^ Ql 




Iff ®(T 



By Lemma on antipode 11.11 this imphcs that the diagram (|1.18p is commutative if we put there after 
various products of a © 1 and 1 © i. In particular, if we put aQt^. This means that 11.11 is commutative 
(with arbitrary argument), and we obtain that the mapping (I7.18P is an antipode in H Q TZ{C). 

Further, by the symmetry of formulas, the mapping (|7.24|) is an antipode in H* ® TZ*{C). 

It remains to verify that the bilinear form (|7.26p turns the antipode (|7.18p into the antipode (|7.24p . 
Clearly, formula (|7.34p is equivalent to formula 

(cr(a © t''), a ® r') = (a © t'',a{a ® t')) 

For k 7^ I both sides here vanish, so we need check only the case k = I. Indeed, 

{a{a © a ® T*=) = ^ZM = ((-1)'^ ' q'^ ■ ^"'^ • {Mt)H<^H{a)) © ^^ a ® r^') = 
= (-1)'= . . {z-" . (MiriaHia)), a) ■ {k)\ = {-if . . {{Ulf {cr h {a)) , {MUf{c.)) ■ {k)\, = 

^{-lf-q-'^-{aH{aW*{K-^)\a))\k)\,^{-lf-q-'^-{a,a*^^^^^ 
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= (-1)'= . q-"^ ■ {a^Lo-^ * ^*h{{MU)\o.))) ■ {k)\ = (1133) = 

= (_!)'=. 5-^. (a,^-'=,(M:)'=(a^(a))).(fc)!, = (-If •g-^•(a0^^c.-^*(M:)^(a^,(a))®r'=) = 

= (rmi) = (a ^^ ® t'=)) 

□ 

Chains H 0^ 7^(C) C i? 0^ ©(C) C H 0^ 0*{C) C H Q'^ 7^*(C) 
and ®5 7^(C) C ®5 ©(C) C iJ ®5 0*{C) C H ®t 7^*(C). 

The same formulas and reasonings as we used in the proof of Theorem 17. 6[ allow us to define, apart 

Z UJ 

from H TZ{C) and H* ® 7l'*'{C), a series of similar stereotype Hopf algebras. These are algebras of 

UJ z 

z z 

— skew polynomials H 7?.(C) and H ® 7?.(C), 

UJ UJ 

— skew entire functions H Q 0{C) and H ® 0{C), 

UJ UJ 

— skew analytic functionals H 0*(C) and H ® ©^(C), 

Z Z 

— skew power series H 7^*(C) and H ® 7^*(C). 

Visually the connection between them can be illustrated by the following chains of inclusions: 

H Q 7^(C) CHQ 0{C) CHQ C*(C) c if 7^*(C) 

W ClJ OJ 

and 

H I) 7^(C) c iJ I) o{c) cH i) o*(c) c 1) 7^*(c) 

UJ UJ UJ UJ 

If iJ is an injective Hopf algebra, then the upper chain is defined, if TJ is a projective Hopf algebra, then 
the lower chain is defined, and if is a rigid stereotype Hopf algebra, then both chains are defined (and, 
certainly, they coincide up to isomorphisms). 

Theorem 17.61 correctly define only the first link in the first chain and the last link in the second 
chain. In all conscience, to give accurate definition for all links we should formulate three more analogous 
theorems. 

To avoid those troubles we can either simply say that the other links are defined by analogy (with 
replacing, if necessary, by ®, and TZhy O). Or we can unite all those four theorems (the one already 
proven and three not yet formulated) into the following quite bulky proposition: 

Theorem 7.7. Let 

— F denote one of the two Hopf algebras: TZ{C) or 0{C), 

— H be an arbitrary injective stereotype Hopf algebra, 

— {z,uj) be a quantum pair in H with parameter q ^ . 
TheriJ 

(a) the tensor product H Q F possesses a unique structure of injective Hopf algebra with algebraic 
operations, defined by formulas: 

multiplication: a t*^ • 6 = a • (M* )'=(&) (7.35) 



'^Here again 6 is the isomorphism of functors 111.1311 . and {k)\q the quantum factorial defined in 117. 2| |. 
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unit: 1h0K(C) = Iff © 1tc(c) (7-36) 
comultiplication: x{a Q t'') ^ ^ (yj ■ 6(^{1h Q Mi){xH{a)) Q f Q t''"''^ = (7.37) 



(a) 'i=0 ^ ^9 

cowmt- e(a0i'=) = r^^"^' (7.38) 
10, ^ 

antipode: ^(a i*^) = (-1)'^ • g-^^ • z"'^ • (M* )'^(CTH(a)) (7.39) 

z 

H Q F with such a structure of Hopf algebra is denoted by H Q F; 

(b) the tensor product H*®F* possesses a unique structure of projective Hopf algebra with the algebraic 
operations, defined by formulas: 

multiplication: a ® t'' * ® t' = a • (M*)''(/3) ® r''+' (7.40) 
unit: Ih*®iz(c) = 1^* ® 1k*(C) (7-41) 

comultiplication: K{a ® t'') = (^.j • 6'(^( id^* ® ) (><h* (a)) ® ® r''"'^ = (7.42) 
= ^^Pj • a' ®T* ® (w* • a") ® r''"* 

(a) 1=0 9 

coumt: e(a®r'=) = r^*^"^' (7.43) 
^ ' [0, k>0 ^ ^ 

antipode: cr(a ® r'') = (-I)'' • g""^^^^ • cj"'' * (M*)''(CTff* (a)) ® r*" (7.44) 
H* ® F* with such a structure of Hopf algebra is denoted by H* ® F* ; 

z 

(c) the bilinear form 

{y^UkQ t^, X] "fc ® tM = ^{uk. ak) ■ {k)\q (7.45) 
\feGN fcGN / ken 

Z LJ 

turns H Q F and H* ® F* into dual pair of stereotype Hopf algebras. 

u> z 

If under all other assumptions (except injectivity), H is a projective stereotype Hopf algebra, then 

(a) the tensor product H®F has a unique structure of projective stereotype Hopf algebra with algebraic 
operations defined by formulas (|7.35p - (|7.39p . but with replacing by ®; H®F with such a structure 

z 

of Hopf algebra is denoted by H ® F ; 

UJ 

(b) the tensor product H*QF* has a unique structure of injective stereotype Hopf algebra with algebraic 
operations defined by formulas (|7.40p - (|7.44p . but with replacing ® by 0; H* F* with such a 

structure of Hopf algebra is denoted by H* F* 

z 

(c) the bilinear form 

{y2uk®t\Y.ak®T^\ =Y,{uk,ak) ■ {k)\ (7.46) 

\k&i fceN / fceN 
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turns H ® F and H* © F* into a dual pair of stereotype Hopf algebras. 

LJ Z 

As we have already told this is proved by analogy with Theorem 17.61 

Proposition 7.2. Let H be an injective Hopf algebra, and (z, lu) a quantum pair in H with the parameter 
g G . Then the rules 

aQt^^aQt^^aQT^^aQT^ (fc € N, a £ H) 
uniquely define a chain of (continuous) homomorphisms of injective stereotype Hopf algebras: 

H 7^(C) -^H Q 0{C) HQ 0{C)* -^HQ 7^(C)* 

U iU LO 

Proposition 7.3. Let H be a projective Hopf algebra and [z, uj) a quantum pair in H with the parameter 
q Cz ■ Then the rules 

a®t''^a®t''^^a®T''i^a®T^ (fc € N, a e H) 
uniquely define a chain of (continuous) homomorphisms of projective stereotype Hopf algebras: 

H I) 7^(C) -^H ® 0{C) H® 0{<Cy -^H® 7^(C)* 

UJ UJ UJ UJ 

(c) Quantum group 'az + h' = Tlq{C'^ k C) 

Here we show that the quantum group 'az + &' (defined in [351 HOI HZl HH]) is a special case of the 
construction described in Theorem LL6| 



The group k C of afRne transformation of a complex plane. The group of affine transfor- 
mations of the complex plane, often denoted as 'az + b\ from the algebraic point of view is a semidirect 
product K C of complex circle and complex plane C, where acts on C by usual multiplication. 
In other word, K C is a Cartesian product x C with algebraic operations 

multiplication: (a, x) ■ {b, y) = {ab, xb + y) (a, 6 G , x, y G C) 

unit: 1cxkc = (1,0) 

inverse element: {a,x)^^ = (-,——) (a e C^, a; e C) 

\a a J 

Clearly, this is a connected Stein group. Moreover, k C is an algebraic group, since it can be represented 
as a linear group by matrices of the form 

(«,^)=(" J) (aeC^:^eC) 

(and multiplication, unit and inverse element become usual operations with matrices). 

Stereotype algebras 7^(C x C) and 7^*(C k C). By symbol 7^(C k C) we, as usual, denote the 
algebra of polynomials on an algebraic group k C. According to the general approach of |§ ^[b)" ^ 



we 



endow the space TZ{C^ k C) with the strongest locally convex topology. The dual space of currents 
TZ'*{C^ K C) is an algebra with respect to the usual convolution of functionals p.l4p . Like any other dual 
space to a stereotype space, it is endowed with the topology of uniform convergence on compact sets in 
TZ{C^ X C). In this case this is equivalent to the 7?.(C^ k C)-weak topology. 
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Recall that by z" and t'' we denote basis monomials in the spaces TZ{C^ ) and TZ{C) (we defined them 
by formulas p.30p and (|3.52p ). In accordance with the common notation (|1.24p . it is reasonable to denote 
the basis monomials in the space of fmictions TZ*{C^ k C) by symbol z"^ St'': 

(z"Hi''')(a,a:) :=a" •a;^ a e , x e C 

Similarly, extending the old notations C„ and r'^ from (|3.3ip and (|3.59p . we denote by CnE'r'^ the functional 
on TZ{C^ K C) of taking the n-th coefficient of Laurent series with respect to the first variable and at the 
same time the fc-th derivative in the point (1,0) with respect to the second variable: 

C„Hr^(w)= /'e-2™*-^M(^,e2"'*) At = C e~^™'u{x,e'^'')At (7.47) 

Proposition 7.4. 1) The functions {z^Ht*^; n E k G N} form an algebraic basis in the space TZ{C^ xC) 
of polynomials on IK C; every polynomial u e TZ{C^ k C) is uniquely decomposed into the series 



u — 

fcGN,nGZ 



^t„,fe•z"□^^ card{(n, A:) : it„,fc ^ 0} < oo, (7.48) 

EN,nGZ 

where the coefficients can be computed by formula 

Un,k ^ - CnST\u) (7.49) 

The correspondence u {un,k\ n d Wj, k N} establishes an isomorphism of topological vector spaces 

7^(C^ xC)^CzxN 

2) The functionals {C„E]r''; n £ "L, k G N} form a basis in the stereotype space TZ*{C^ x C); every 
functional a € TZ*{C^ x C) is uniquely decomposed into a (converging in the space TZ*{C^ k C) j series 

a= a„,fc•CnHr^ (7.50) 

where the coefficients can be computed by formula 

a«,fc = 7^-a(^"Hi') (7.51) 
k\ 

The correspondence a <-!■ {an,k', n G Z, /c G N} establishes an isomorphism of topological vector spaces 

7^*(c^ K c) ^ c^^^ 

3) The bases n E "E, k E N} and {(^nBr*^; n E k E N} are dual to each other up to the constant 

k\ 

{z- □ ^^ C„ * A = (z™, Cn) ■ {t\A = 1°', J™' ^ J"' I! (7.52) 

I k!, (m, k) — (n, () 

and the action of functionals a E TZ*{C^ x C) on polynomials u E TZ(C^ x C) is described by the formula 

{u,a)^ Y Un,k ■ an,k ■ k\ (7.53) 

Remark 7.1. The functional Cn®''"'^ can be represented as the convolution of two components Cn and 
(and the order of their multiplication becomes important here): if we denote by the functional of 
taking the n-th coefficient of Laurent series with respect to the first variable in the point (1,0), 

Zn{u) = CnH^°(w) = ^ I ^%T^ d z = e~2""*u(e2"**, 0) At, uE 7^(C^ x C), (7.54) 



27rj./i2|=i 2"+^ 
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and by T'' the functional of taking the k-th. derivative with respect to the second variable in the point 
(1,0), 

d 



T\u)^Qo^t\u)^^u[1,x) 



u e 7^(C'' K C), 



(7.55) 



then the following equalities hold: 

For the proof we can use formulas (|3.15p : first, 

5''*T^ = a- T^ 



(7.56) 



(<5(^'""'0) * T'=)(u) = ((e^^'S 0) • r'=)(u) = r'=(u • (e^'^", 0)) = 



x=0 



(7.57) 



(Z„*r^)(u) 



And, second. 



\ / In X 



dt 



x=0 



T^ ^5" = T^ -a 



(T'= *^(^'""'°))(u) = {T^ ■ (e2"'*,0))(M) = r'=((e2"'*,0) -m) = -^^((1,2:) ' (e'^SO)) 



Q n H ^i"- n 



a;=0 



dy 



a:=0 

27rit , 



y=0 



(7.58) 



^0 "'0 

1 l-l 



^0 
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Stereotype algebras 0(C^ k C) and 0*(C^ tK C). As always, we endow the algebra 0(C^ x C) of 
holomorphic functions on k C with the topology of uniform convergence on compact sets in k C. 
Its dual algebra 0*(C^ k C) is endowed with the topology of uniform convergence on compact sets in 
0(C^ X C), and the multiplication there is the usual convolution p.l4p . 

Proposition 7.5. 1) The funcfions n e Z, /c G N} form a basis in the stereotype space 0(C^ kC) 

of holomorphic functions on k C; every function u G 0(0^ x C) can he uniquely represented as a 
sum of a (converging in 0(C^ k C)^ series 

u^,k-z^^t\ VC>0 I^^fe^nl •C'^+l"! <oo, (7.59) 

where the coefficients (continuously depend on u and) can he computed hy formula 

= -CnSr^C") (7.60) 
The topology of 0(C^ x C) can he described by seminorms: 

Mc= Y (7-61) 

keti.neZ 

2) The functionals {C^Sr'^; n ^ Z, k £ N} form a basis in the space 0*{C^ k C); every functional 
a G 0*(C^ X C) can be uniquely represented as a sum of a (converging in 0*{C^ x C)) series 

a= Y a»,fc•CnHr^ (7.62) 

where the coefficients (continuously depend on a and) can he computed by formula 

a„,fe = 7^-a(2"Hi') (7.63) 
The topology of the space 0*(C^ x C) can he described by seminorms: 

Y ^n,k-\an,k\-kl, rn,k>0: VC ^ 1 ^ rfc,„ . C'^+l"! < oo (7.64) 
nez.fceN nez,fceN 

3) The bases {z" □ t'^; n G Z, fc G N} and {CnSr'^; n G Z, A: G N} are dual to each other up to the 
constant k\: 

(z™ Bt^Cn* A = C«) • {t\r^) = J™' ^! ^ J"' I (7.65) 

I k!, (to, k) = (n, () 

anii the action of functionals a G 0*(C^ k C) on functions u G 0(C^ x C) is described by formula 

{u,a)^ Y • Q!„,fc ■ fc! (7.66) 

nez,/ceN 



7^(C^ X C), 7^*(C^ X C), ©(C^ x C) and 0*(C^ x C) as Hopf algebras. The algebras 7^(C^ x C) 
and 0{C^ x C), being standard functional algebras on groups, are endowed with the natural structure of 
Hopf algebras (we noted this general fact in Theorems 13.21 and 13. ip . The following propositions describe 
the structure of these Hopf algebras. 

Proposition 7.6. The algebra TZ{C^ x C) (resp., algebra ©(C^ x C) J is o nuclear Hopf-Brauner (resp., 
Hopf-Frechet) algebra with the algebraic operations defined on basis elements z" □ t'^ by formulas 

z™ □ . z" □ = z™+" □ In(c-^C)^ z°t° (7.67) 
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t^>vJ \h (n,fc) = (0,0) 

(t(z" □ t'') = {-!)'' z-''~"t'' (7.69) 

As a corollary, the general formula of multiplication in TZ{C^ ix C) is as follows: 

Yl ( •^"-.fc-j j ■^"H*''- (7-70) 

nGZ,/cGN \ j=0 iGZ / 

Proof. The comultiplication, counit and antipode can be computed by formulas p.5p - (|3.7p . For instance, 
the comuhiphcation: 

□ t'') ((a, x), {b, ?/)) = (z" □ ((a, x) ■ {b, y)) = (z" □ t'=)(a6, x6 + ?/) = (a5)"(2:5 + y)'' ^ 
= a^'b'^ (5) ^'b'y'"'" ^ Yl (i) a''x'¥'+'y''-' = ^ ('j') (z" □ f ) □ (z"+* □ t''-')(^{a, x), {b, y) 

i=0 ^ ^ 

>f(z" □ i*^) = ^ ('^'j • z" □ f z"+* □ t'^-* 



i=0 



□ 



Proposition 7.7. T/ie algebra Tl*(C^ k C) (resp., algebra 0*(C^ k C)J zs a nuclear Hopf-Frechet (resp., 
Hopf-Brauner) algebra with the algebraic operations defined on basis elements CnEi"'^ by formulas 

10' m + k^n 

^zt^VV [0, (n,fc)^(0,0) 

a(C"ET'=) = (-1)'^ • C-n-fcSr'= (7.73) 
As a corollary, the general formula of multiplication in TZ*{C^ K C) is as follows: 

k 

E {Y.'^^^r Pn+j,k^j) <n^T\ (7.74) 

nez,fceN j=o 

Proof. All those formulas appear as duals of (|7.67p - (|7.69p . For example, the comultiplication is computed 
as follows: 

(u0w,>^(c„[iiT'=)) = (ww,c«sr'=) = ( E ( EE"™.«'"'-™.'-M / = 

\rez,;eN \ i=o mez / / 



1=0 mGZ z=0 mGZ ' ^ '' 
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k—i 



mGZ 1=0 



□ 



Hopf algebras 7^5(C^ k C), 7^^(C^ k C), 0,(0^ k C), ©^(C^ k C). The quantum group 'az + 6' 
can be defined as Hopf algebra TZ{C^ ix C), where the algebraic operations are deformed in some special 
way. We describe here this deformation, and together with the algebra TZ{C^ k C) we shall consider the 
algebra 0{C^ k C). Both these constructions will be useful below in Theorem 17.81 
The constructions starts with the choice of a constant q £ . 

Proposition 7.8. On the stereotype space TZ{C^ ix C) (respectively, 0(C^ ix C) j there exists a unique 
structure of rigid stereotype Hopf algebra with the algebraic operations defined on basis elements □ t^ 
by formulas 

□ ^fc . □ ^ ^fen . ^m+n □ ^/c+i l7J(Cx xC) = ^"i" (7-75) 

^(z"Ht'=)=y -z^Hf 0z"+^Ht'=-* e(z"Ht'=)-|°' ("'^)^(O'O) (7.75) 
fbv/, \l, Kfc) = (0,0) 

a(z" □ t^) = {-if ■ g-^^-'^-" . z-^-'' □ t^ (7.77) 

The space TZ{C^ k C) (respectively, 0(C^ k C) J with such a structure of Hopf algebra is defined by 
7^g(C K C) (respectively, by OqiC k C)). Besides this, 

1) the general formula of multiplication inTZq{C^ k C) (respectively, in Oq{C^ k C)j has the form 

E (EE • • ^n-m,k-i] • □ (7.78) 



/ 

U ■ V = 

nGZ.fceN \ i=0 mSZ 



2) The mapping 

establishes an isomorphism between TZq(C^ k C) (respectively, Oq{C^ ix C) j and the Hopf algebra of 
skew polynomials (entire functions) with coefficients inTZ{C^) (respectively, in 0{C^)) with respect 
to the quantum pair {z,S'') from Proposition\7. 1\ 



7^„(c^ K c) ^7^(c'') 7^(C) ojc^ k c) ^ 0(0^) ©(c) (7.79) 

5" \ 51 J 

3) For q — 1 the Hopf algebra TZq{<C^ k C) (respectively, Oq{C^ tK C)) turns into the Hopf algebra 
TZ{C^ K C) (respectively, 0{C^ k C) J with the structure of Hopf algebra described on page^TT^ 

niC' K c) = Tii^C' K c) ( ©(c^ K c) = c'i(c^ K c) ) 
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Proof. Here everything starts from formulas (j7.79p : the mapping z" Ei t'' i-^ Q estabUshes an 
isomorphism of stereotype spaces 

UqiC K c) ^7^(c^)0 7^(c) 

(this is exactly the isomorphism, which for general case is described by the identity (j3.9p ). This iso- 

z 

morphism induces on 7?.(C^ ix C) the structure of rigid Hopf algebra from TZ{C^) TZ{C) (where this 

structure is defined by formulas (|7.14p - (|7.18p V In this isomorphism the formulas (|7.14p - (|7.18p turn into 
formulas (j7.75p - (j7.77p . To derive them we need to use the first formula in (j7.12p : 

M*s,{z) = q-z 

This implies 

(MJ,)''(^") = 9''"-^" 

Then, for instance, the formula of multiplication (|7.75p is derived from (j7.14p as follows: 

at'' -z^Qt^ = • {M*s,)''{z") ■ t''+' = z™ • q''" ■ z" = • 0*=+" 

The remaining formulas are deduced by analogy. The general formula for multiplication (|7.78p follows 
from ((TJS)) : 



u-v 



n = r — m 
I = s — k 



It remains to add that for g = 1 the formulas (|7.75p - (|7.77p turn into formulas (|7.67p - (|7.69p . so the 
Hopf algebra Tlq{C^ k C) (respectively, Oq{C^ k C)) turns into Hopf algebra TZ{C^ k C) (respectively, 
0(C^ K C)). □ 

Proposition 7.9. On the stereotype space TZ*{C^ k C) (respectively, 0*(C^ k C) j there exists a unique 
structure of rigid stereotype Hopf algebra with algebraic operations defined on basis elements C„E]r'' by 
formulas 

(C™Er^)*(C„Hr')=|^"®^''''' ' l l^.(cx ,c) = E C-^^" (7-80) 

x(C„ar''0 - E E f J) • 9'^"""^ ■ C™S^^ ® Cn-m\ST'-^ e(Cnar'=) = I J' (7.81) 
criCSr'') ^ {-!)'' ■ g-^^+'=("+'=)C-n-fcSr'= (7.82) 



The space TZ*{C^ k C) (respectively, 0*{C^ k C) j to^/i this structure of Hopf algebra is denoted by 
n*{C K C) (respectively, 0*{C k C)). Besides this, 



1) the general formula for multiplication in TZ*{C^ k C) (respectively, in 0*{C^ K C) J has the form 

k 



124 



2) the mapping 

establishes an isomorphism between TZ*(C^ k C) (respectively, 0*(C^ k C) j and the Hopf algebra 
of skew power series (respectively, analytic Junctionals) with coefficients inTZ*{C^) (respectively, 
in 0*{C^)) with respect to the quantum pair (5'', z) from Proposition \7.1\ 

K(C^ K C) ^7^*(C^) 7^*(C), ©^(C^ k C) ^ ©^(C^) ©^(C) (7.84) 

z z 

3) for q = 1 the Hopf algebra TZ*{C^' k C) (respectively, 0*{C^ k C)J turns into the Hopf algebra 
TZ*{C^' K C) (respectively, 0*{C^ k C) j with the structure of Hopf algebra defined on page \ll7\ 

7^*(c^ K c) = 7^^(c^ K c) ^o*(c^ k c) = ©^(c^ k c)^ 

Proof. Here again everything is based on formulas (|7.84[) : the mapping Cn^T''' t-^ (n ® t'' estabUshes an 
isomorphism of stereotype spaces 

7^;(c^ K c) ^7^*(c^)®7^*(c) 

(this is the dual isomorphism for (|3.9p ). This isomorphism induces on TZ*{C^ k C) a structure of rigid 

S" 

Hopf algebra from TZ*{C^) ® TZ*{C) (where this structure is defined by formulas (j7.20p - (|7.24p ). Under 

z 

this isomorphism formulas (|7.20p - (|7.24p turn into formulas (|7.80p - (l7.82p . To derive them we can use two 
formulas: 

M:(C„)=Cn-l, S^*Cn^q"-Cn (7.85) 

The first of them (it will be useful in proving formulas for multiplication and antipode), is deduced as 
follows: 

{U, M:(C„)) = • U, Cn) = ( ^ • E "™ • Cn ) = ( E "™ • c« ) = 



And the second one (it will be useful in proving the formula for comultiplication) as follows: 

rneZ 

□ 

TZq{C^ K C) as an algebra with generators and defining relations. It remains to explain why the 
constructed algebra TZq{C^ k C) indeed can be identified with the quantum group 'az + b\ i.e. with the 
Hopf algebra which is usually denoted as 'az + &' (see |48lH01IT7l[^ ). Formally 'az + 6' is defined as the 
Hopf algebra with three generators t, z, z^^ and the defining relations 

t-z^q-z-t z-z^^ = l l^z^^-z (7.86) 

K{t) ^t(^l + z(»t, x{z) = z®z, k{z'^) = z^^ ® (7.87) 

e{t) ^ 0, e{z) = 1, e{z-^) = (7.88) 

a{t)^-t-z-^, a{z)^z^^, a{z^^)^z, (7.89) 
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Proposition 7.10. The mapping 

zi->zHl, z^^h^z^^Hl, ti-^iat 

is uniquely extended to an isomorphism between Hopf algebras 'az + b' and TZq{C^' K C). 

Proof. From (|7.75p it follows that in Tlq{€.^ k C) the following identities hold 

1 • z □ 1 = 9 • zH 1 • 1 Hi, zEl-z^^Hl^l, 1 = z^^ □ 1 • z □ 1 

in which one can recognize formulas (|7.86|) . transformed by our mapping. This means that our mapping 
can be uniquely extended to some homomorphism of algebras ip : 'az + b' ^ TZq{C^ k C). This homo- 
morphism is a bijection since it turns the algebraic basis {z^t^\ n e Z, fc G N} in algebra 'az + V into 
the algebraic basis {z" □ t'^; n e Z, fc e N} in algebra 7^g(C x C). 

Thus, Lp is an isomorphism of algebras. Note then that p preserves the comultiplication on generators: 

{(f «) tp){x{t)) ^ (if® ip){t (g)l + z(g)i) = lHi«)lHl + zEl(8)lHt = >ir(lHt) = >f('/?(t)) 

and similarly, 

{if ® Lp){x{z)) = X{ip{z)), {lP ® ip){K{z-^)) = K{ip{z-^)) 

Since the comultiplication, like (/?, is a homomorphism of algebras, this implies that the same formulas are 
true for the arguments of the form z^t^ ^ and thus for all elements of algebra 'az+&'. We obtain that tp pre- 
serves the comultiplication (on all elements). Similarly it is proved that (/? preserves counit and antipode 
(here we need to use the fact that the counit is a homomorphism, and antipode an antihomomorphism) . 
Hence, Lp is an isomorphism of Hopf algebras. □ 

(d) Reflexivity of 7^^(C^ k C) 
Reflexivity diagram for Tlq{C^ k C). 

Theorem 7.8. For any q e the rigid Hopf algebra TZq{C^ K C) is holomorphically reflexive, and 
1) for Igl = 1 its reflexivity diagram has the form 

7^,(c^ K c) ^7^(c><)0 7^(c) \^ o(c^) ©©(c) ©^(C'^ k c) (7.90) 

4 I* 

7^*(c^ KC)^7e*(c^)0 7e*(c) 4^ o*{c^)QO*{C)^o*q{C'' kC) 



2) for \q\ ^ 1 the form: 



7^g(c>< K c) ^7^(c><)0 7^(c) o{C'')Qn*ic) (7.91) 

Si Si 



4 I* 



7^*(c^ IX c) 5^7^*(c^)0 7^*(c) ^ o*(c^)07^(c) 
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For symmetry one can note here that aU the multiphers here - TZ{C), 7?.*(C), TZ{C^), 7?,*(C^), 
©(C^), C'*(C^) ~ are nuclear spaces and appear only in pair Frechet-Frechet and Brauner-Brauner. So 
if in diagrams (|7.90p - (|7.9ip all (or some of) the injective tensor products are replaced by projective 
tensor products ®, then we shall obtain isomorphic diagrams. 

The rest of this section is devoted to the proof of Theorem 17.81 We carry out it in three steps. 

7^,(C^ K C) ^ OgiC' K C) for \q\ = 1. 

Proposition 7.11. For \q\ = 1 the algebra Oq{C^ k C) is an Arens-Michael algebra, and the natural 
inclusion TZq{C^ k C) C Oq{C^ k C) is an Arens-Michael envelope of the algebra TZq{C^ k C); 

7^,(c^ K cf = Oq{c'' K c) 

Proof. This follows from the fact that for \q\ = 1 the scminorms (|7.6ip on TZq{C^' k C) arc submultiplica- 
tive. □ 

7^(C^) 0|, 7^(C) ^ (C"^) Q |, n*{C) for \q\ ^ l. Recall that the structure of algebras 7^(C^) and 
0{C^ ) was discussed in |§ ^[c) In particular, we have noted there that the topology of ©(C^ ) is generated 
by seminorms (j3.47p : 

ll«llc = ^|u«|-Cl"l, C^l. 

riGZ 



c ^ i"i 



In Example 15.21 noted also that these seminorms are submultiplicative. Let us state two more their 
properties: first, obviously, 

C^D =^ Mc^Mo (7.92) 

and, second, for |g| < 1 we have 

neZ, (7.93) 

This implies 

iiM^,(u)ii^ ^ J2 \nn\ ■ kr • J2 • • = E 

n£Z n£Z 

i.e., 

V^eN \\iK.nu)\\c^\Mc/M^ (M<1) (7-94) 
Similarly, for |g| > 1 we have 

|gr<|g|H, neZ, (7.95) 



so 



I.e., 

v*eN ||(Ml,)*(7.)||^«;|lu|lp.i^|. (M>1) (7.96) 

In accordance with Proposition I7.10[ let us identify in calculations the symbols lE\t and z □ 1 with 
the symbols z and t: 

IB t = t, zHl = z 

z 

Lemma 7.8. // \q\ ^ 1 and r is a submultiplicative seminorm on 7?.(C^) TZ{C), then for some _ftr G N 

Si 

yk> K r{t^) = (7.97) 
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Proof. 1. Suppose first that |(7| < 1 and take X e N such that \q\^ < r(z).r(z-i) • Then for any k > K we 
obtain \q\'^ ■ r{z) ■ r{z^^) < 1, and so 

r{t'') = r{t'' ■ • z-') = 191"=^ • r(z' • t'= • z"') < • r(z') • r{t'') ■ r(z-') s$ 

< • r(z)' • rW'^ • r(z-i)' = r(t)'= • • r(z) • r(z-i))' 



/ — ^oo 



2. On the contrary, suppose \q\ > 1. Then we can take if G N such that \q\^ > r(z) ■ r{z and for all 
k > K we have ^'"^'''^^j^k — - < 1, so 

r-(t'=) = r(t'= • Z-' • z') = l^r"' • r(z-' • t'^ • z') \q\-"' ■ r(z') • r(t'=) • r(z-') ^ 



s$ Iql-'"' -rizY -ritf -riz-'Y ^ r{tY 

Proposition 7.12. 1) Suppose \q\ < 1, and D ^ 1 and K eN are such that 

D-\qf^\ 

z 

Then the seminorm pu k '■ 7?.(C^) 7?.(C) R+, defined by the equality 

Si 

PD,K (5I"fc0*N • {D-\q\ 

seminorm. 







□ 



fc\l"l 



(7.98) 



(7.99) 



is submultiplicative. On the contrary, every submupltiplicative seminorm on TZ(C^ ) QTZ(C) is subordinate 

Si 

to a seminorm of the form (|7.99p . 

2) If \q\ > 1, and D ^ 1 and X G N are such that 



D 



\q\ 



K 



1^ 1 



(7.100) 



then the seminorm pu k ■ 7?.(C^) TZ{C) M+. defined by the equality 

Si 



( \ ^ ^ / D \^''^ 

PD,K E = E ii^^ii^ = E E M • yif 

se7ninorm 



(7.101) 



is submultiplicative. On the contrary, every submultiplicative seminorm on TZ{<C^ ) Q TZ{C) is subordinate 

Si 

to some seminorm of the form (I7.99P . 

Proof. Consider the case \q\ < 1. The subniultiplicativity of the seminorm (|7.99p is verified directly: 



K 



K 



PD,K{u-v) = Y,\\(^-^)dD-\<i\^ = (dni) = E 



fc=0 



K k 



k=0 
K k 



E«.-(MJ,)^K-.) 



i=0 



D-\q\' 



fc=0 i=0 



k=0 i=0 
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K k / K \ I ^ 

k=0 i=0 \i=0 ) \j=0 



Then, let r be a submultiplicative seminorm on TZ{C^) TZ{C). Let us choose by Lemma [7.81 an integer 

l5<! 

K eN such that ((TJT)) holds, and put 

L = max rit'') 

O^k^K 

Note that r is a submultiplicative seminorm on the subalgebra 1 TZ{C^), consisting of functions of the 
form a 1, a G TZ{C^), and isomorphic to TZ{C^). Hence, on this subalgebra r, must be subordinate to 
some seminorm p.47p : 

r(o0 1) s$ A// • ||a|lc., ae7^(C'') (7.102) 
for some C ^ 1, A/ > 0. Choose now D ^ 1 such that 

C s$ Z? • \qf s$ D ■ \q\^-^ s; ... D • |g| s$ D (7.103) 

Then 

r{u) = r [J2 uk ) ^ E • ^(^') = E ^("fc) • ^(*') ^ E • ll^'^^llc ' ^ = 

fe=0 

if 

L-M- =L-M -pD.Kiu) 



\k£N / feSN A;=0 k=0 

K 



k=0 

Thus, r is subordinate to some seminorm pd.k- 

The case |g| > 1 is considered similarly, but instead of (j7.94|) we have to apply here formula (j7.96|) . 
and instead of (|7.103p the chain 

^ D D D ^ 

□ 

Proposition 7.13. For \q\ ^ 1 the formula 

CnQf" z„0t'= (7.104) 

uniquely defines a homomorphism of Hopf algebras 

7^(c^)0 7^(c) ^o(c^)0 7^*(c), 

Si Si 
z 

which is an Arens-Michael envelope of the algebra TZ{'C^ ) TZ{'C). 

S" 

Proof. It remains to check here that O(C^) Tl*{C) is a completion of 72,(C^) TZ{C) with respect to 
the seminorms (j7.99p or, depending on q, seminorms (|7.10ip . □ 

©^(C^) 0f 7^(C) ^ 7^*(C^) 0f 7^*(C) for arbitrary q. Consider the space ©^(C^). From the first 



formula in (|7.85p 

M:(Cn)=Cn-l, 

one can deduce the identity: 



(M*)'=(a) = (M:)'^ ( E ■ ) = E ■ = E ■ ^" 



(7.105) 
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Recall seminorms || • \ \n on 0*(C^), defined by formulas (|6.12p : 

\n\^N n& 

Note the following their properties: 

M^N =^ WWm^WPWn (7.106) 

and 

ll(M:r(/9)iu= E i(M:r(/3)ni - (Eina - E i/^-^^i^ E iaj = ii/3|Ia/+. aio?) 

5" 

By Theorem (j7.6p . the general formula for multiplication in the algebra C'*(C^ ) © TZ{C) has the form 



(7.108) 



and on basis elements looks as follows: 

Cm • c« = una - Cm * (M:)^Cn) = m 



= Cm*Cn-fc0i =< L^in (7.109) 

10, mf^n—k 10, m + kf^n 

6" 

Lemma 7.9. Every continuous submultiplicative seminorm p on the algebra C'*(C^) 7?.(C) vanishes 

z 

on almost all elements of the basis {Cn &t''; n G Z, k E N} (i.e. on all but a finite subfamily): 

card{(n, fc) e Z x N : p {Cn Q f") ^ 0} < oo 
Proof. Put pn,k — p{Cn t'') and note that 

Pm,k+l < Pm.k ■ Pni+k.l, fc, TO G N, UEZ (7.110) 

Indeed, from (|7.109p it follows that 

Cm t^^'' — Cm t'^ ■ Cm+k t'' 

SO 

P7n,k+l = PiCm t''^') p(Cm ' PiCm+k *') = Pm,fc ' Pm+kJ 

Consider the sets 

S'fe = {n e Z : pn^k ^ 0} 

and note the following two things. 

S" 

1. From the continuity and submupltiplicativity of a seminorm p on TZ{C) C'*(C^) it follows that 

z 

the functional 

pa{a) =p{aQl)^piaQt°), aeC'*(C^) 
is a continuous submultiplicative seminorm on 0*{C^): 

Po{a * P) = p{{a * /3) 1) = p{{a 1) • (/3 1)) sC p{a 1) • p{fJ 1) = po{a) ■ po{P) 
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This means, by Lemma 16.21 that pq is subordinate to some seminorm of the form (|6.12[) : 

Po(a)^C-||a||^ = C- ^ |a„|, a£0*{C'') 

This in its turn imphes that the set 5o = {n G Z : po(Cn) = p(l © Cn) 7^ 0} must be finite: 

card 5*0 < 00 

2. From the inequalities (|7.110p one can deduce the folfowing implications: 



I Pm,k+1 ^ Pm,k ' Pm+k,l 
\Pm,k+l ^ Pm,k+1 ' Pm+k+1,0 



Sk+1 Q Sk 

Sk+1 c 5*0 - (fc + 1) 



Sk+i c Sk n (5o - fc - 1) 



(here S — i means the shift of the set 5 by z units to left on the group Z) . So we can conclude that Sk 
form a tapering chain of finite (since So is finite) sets: 

Sq^Si^ ... D Sk 3 Sk+1 3 ... 
And at the minimum after the number K — max So — min So this chain vanishes: 

So^SiD ... DSk^ Sk+1 = 
(since S'/f+i C S'o n (S'o - i^T- 1) = 0). □ 
Proposition 7.14. For any N ^ N the functional 



N 



N 



fe=0 |n|sJJV-fc 



(7.111) 



\keN 



k=0 



is a continuous submultiplicative seminorm on TZ{C) Q O* {C^ ) . Every continuous suhmultiplicative semi- 

z 

S" 

norm on TZ{C) 0*{C^) is subordinated to some seminorm r^. 

z 

Proof. The functional r^r is a continuous seminorm because a 1— > ak are linear continuous mappings: 



N 



N 



N 



rN[A ■ 



iX-a + (3) = Y,U-ak+Pk\\N-k ^ IM-Y.W'^'^WN-k + Y.Wf^'^WN-k = |A| •r^v(a) + rAr(/3) 



fe=0 



fc=0 



fc=0 



Let us consider the submultiplicativity: 

/ k 



N 



Xa,*(M:)'(/3,_,) 



N k 



j=0 



rNia ■ P) = (I7T0811 = rjv ( * iKyiPk-^) © - I] 

EN i=0 / k=Q 

N 

\{M:y{Pk-^)\\^_,^mm^J2J2 

k=0 i=0 

N k 

ll"''lliV-fc ■\\Pk~^\\N-ik-^) ^Y.Y.\\^'\^N-^■\\Pk-^\\N-ik-^) 



N~k 



^\\N-k 



k=0 1=0 

N k 



ai\\N-k ■ ll/3fe-ilU-fc+» ^ 



fc=0 i=0 



k=0 4=0 



IN- 



since 

fe > i, 

hence 
N - k ^ N - i, 
and this allows 
to apply 1 17.1061 
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S" 

It remains to check that every continuous submuhiphcative seminormp on TZ{C) Q O* {C'^ ) is subordinate 

z 

to some seminorm rjv- This follows from Lemma l7.9l since p vanishes on almost all basis elements t'^ QCn, 
we can find a number N E N such that 

{(n, fc) e Z X N : p{C„ t'') 7^ 0} C {(n, k) e Z x N : k N k \n\ N ~ k} 

Then we put 

C = max{p(C„ t''); (n, fc) : fc iV, |n| < TV - fc} 

and obtain: 

p{a)=pi J2 C^n^k-Cn&tA •p(Cn0i'') =E E •p(Cn0i'') ^ 

ynez,fceN J jiez,fceN fe=o|ii|^Af-fe 

^^•E E l«-fc| = G3IIl) = C-rjv(a) 

□ 

Proposition 7.15. The formula 

CnQt'' ^ CuQt'^ (7.112) 
defines a homomorphism of Hopf algebras 

©^(c'') 7^(C) ^ 7^*(c^) 7^*(C) 

z z 
S" 

which is an Arens-Michael envelope of the algebra 0*{C^ ) QTZ{C). 

z 

Proof. It remains only to check that 7?.*(C^ ) TZ'*{C) is a completion of 0*{C^) Tl{C) with respect to 
seminorms (|7.11ip . □ 
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